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1. P

Suppose the data are categorical and coded as indicator matrices, also known
as dummies. The indicator matrix G j for variable j has n rows and k j

columns. G j is a binary matrix, and its rows all sum to one. As in other
forms of unfolding we represent both the n objects and the k j categories of
variable j as points ai and b jl in low-dimensional Euclidean space.

Minimize

(1a) ∆(A, B) = −2
n∑

i=1

m∑
j=1

k j∑
`=1

gi j` log πi j`(A, B),

where

(1b) πi jl(A, B) =
exp(−‖ai − b j`‖)∑k j

ν=1 exp(−‖ai − b jν‖)
.

2. A

To minimize the loss function we use quadratic majorization [Böhning and
Lindsay, 1988; De Leeuw, in press]. We need the first and the second
derivatives of the deviance with respect to the di j`(A, B) = ‖ai−b j`‖. Simple
computation gives

(2a)
∂πi j`

∂di jν
= −(πi j`δ

`ν − πi j`πi jν)
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with δ`ν the Kronecker Delta. Thus

(2b)
∂∆

∂di j`
= 2(gi j` − πi j`)

and

(2c)
∂2∆

∂di j`∂di jν
= 2(πi j`δ

`ν − πi j`πi jν).

Now lets look at any matrix of the form V = Π − ππ′, with π a vector of
probabilities and with Π the diagonal matrix with these probabilities on the
diagonal. The largest eigenvalue λmax of this matrix is bounded above by
any matrix norm, and thus

λmax ≤
n

max
i=1

n∑
j=1

|vi j| =
n

max
i=1

2πi(1 − πi) ≤
1
2
.

Thus from a Taylor expansion at d(Ã, B̃), using the bound for the second
derivatives,

(3a) ∆(A, B) ≤ ∆(Ã, B̃)+

+ 2
n∑

i=1

m∑
j=1

k j∑
`=1

(gi j` − πi j`(Ã, B̃))(di j`(A, B) − di j`(Ã, B̃))+

+
1
2

n∑
i=1

m∑
j=1

k j∑
`=1

(di j`(A, B) − di j`(Ã, B̃))2.

If we define the target

τi j`(A, B) = di j`(A, B) − 2(gi j` − πi j`(A, B))

then completing the square in (3a) gives

(3b) ∆(A, B) ≤ ∆(Ã, B̃) +
1
2

n∑
i=1

m∑
j=1

k j∑
`=1

(di j`(A, B) − τi j`(Ã, B̃))2+

− 2
n∑

i=1

m∑
j=1

k j∑
`=1

(gi j` − πi j`(Ã, B̃))2
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Iteration (k) of the majorization algorithm updates (A(k), B(k)) by minimizing
the least squares auxilary function

(4) σ(k)(A, B) =
n∑

i=1

m∑
j=1

k j∑
`=1

(di j`(A, B) − τi j`(Ã, B̃))2

3. M U

Minimizing the least squares loss function in (4) is a metric multidimen-
sional unfolding problem [De Leeuw, 2005]. It is somewhat non-standard,
because the target values in τ may be negative. We solve the unfolding
problem, using majorization, following Heiser [1990].

Decompose τ̃i j` = τi j`(Ã, B̃) in its positive and negative parts. Thus τ̃i j` =

τ̃+i j` − τ̃
−
i j`. We also stack A and B on top of each other in a matrix Z, and we

define the matrices

di j(Z) =
√

tr Z′Ei jZ

1
di j(Z̃)

tr Z′Ei jZ̃ ≤ di j(Z) ≤
1
2

1
di j(Z̃)

(d2
i j(Z) + d2

i j(Z̃)

σ(Z) ≤ trZ′VZ − 2trZ′
τ+i j

di j(Z̃) Ei jZ̃+
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