LOGISTIC UNFOLDING

JAN DE LEEUW

1. PROBLEM

Suppose the data are categorical and coded as indicator matrices, also known
as dummies. The indicator matrix G; for variable j has n rows and k;
columns. G; is a binary matrix, and its rows all sum to one. As in other
forms of unfolding we represent both the n objects and the k; categories of

variable j as points ¢; and b, in low-dimensional Euclidean space.

Minimize
n m kj
(Ta) A(A,B) = -2 gijelogmijc(A, B),
i=1 j=1 (=1
where
exp(—lla; = bjll)
(1b) (A, B) = :

k; .
2oy exp(=lla; = bjl)
2. ALGORITHM

To minimize the loss function we use quadratic majorization [[Bohning and
Lindsay, 1988} [De Leeuw, in press]. We need the first and the second
derivatives of the deviance with respect to the d; (A, B) = |la;—bj.||. Simple
computation gives

Omije

(2a) ad- = _(ﬂijffsfv = TijeTijy)
ijv
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with 6 the Kronecker Delta. Thus
oA

(2b) 9y = 2(8ijc — mije)
and
(20) LTS )
c ——— = 200" — W)
adijé’adijv s s

Now lets look at any matrix of the form V = Il — zn’, with 7 a vector of
probabilities and with II the diagonal matrix with these probabilities on the
diagonal. The largest eigenvalue A,,,, of this matrix is bounded above by

any matrix norm, and thus

| =

n
A < m’élx § vijl = m’élx 2l —m;) <
= =
j=1

Thus from a Taylor expansion at d(A, B), using the bound for the second

derivatives,
(3a) A(A,B) < A4, B)+
n m kj
+23° 3" (8uie = mie(A, B)dije(A, B) - dije(A, B))+
i=1 j=1 (=1

n m ki
+ % Z Z Z(dijg(A, B) - d;j(A, B)).

=1 j=1 (=1

If we define the rarget
Tije(A, B) = d;je(A, B) — 2(gijc — mije(A, B))
then completing the square in gives

n kj

| - .
(3b) AA.B) < AAB) +3 ) Z D (dije(A, B) = Tije(A, B)*+

i=1 j=1 ¢=1

n m kj

-2 Z Z(gijz - ”ijf(A’ B)?

i=1 j=1 =1
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Iteration (k) of the majorization algorithm updates (A®), B®) by minimizing
the least squares auxilary function
kj

@) V(A B) =Y " (dij(A, B) — 7ije(A, B)Y

i=1 j=1 (=1
3. MEetrIic UNFOLDING

Minimizing the least squares loss function in is a metric multidimen-
sional unfolding problem [De Leeuw, 2005]. It is somewhat non-standard,
because the target values in T may be negative. We solve the unfolding
problem, using majorization, following Heiser [[1990)].

Decompose 7y = T; j[(A, B) in its positive and negative parts. Thus 7;;, =

T;}[ — T We also stack A and B on top of each other in a matrix Z, and we

define the matrices
d,/(Z) = 4/tr Z’E,‘jZ

1 ~ 1 1
—tr Z,El‘jZ < dl](Z) <= =
di(Z) 2di(2)

(d(2) + d3(2)

+
Tij

0(Z) S&wZ'VZ - 207 T EZ+
ij
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