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0. Introduction and Summary

Many computational procedures in data analysis
(especially in the.factor analysis and scaling area) need
to solve the problem of approximating (in the least-
squares sense) a given matrix by a matrix of rank not
larger than a prescribed p. For rectangular or-asymmetric
square matrices, the solution, based on singular valﬁe or

/ B ’ fgv’ ,:' . N .
Eckart-Young decomposition, is well knowrl. Epr symmetric

A5,

positive semidefinite matri,w.aJlﬁﬂ%@effﬂyﬂfhe”éoldﬁidh;4’
based on spectral decomposition, is well known, too. The

best approximation is simply a matrix with the same roots

and vectors, except for thg n-p smallest roots, which are

e

“grdy problem which 1s not exactly

set equal to zero.
classicélgis the approximation of a general symmetric

matrix by a positive semidefinite symmetric matrix of rank

By g B

%%f‘greater than p. It 1is proved in this paper that the'
classical results still hold if the matrix has at least p
positive eigen values. If it has g < p positive eigen-

values, the best positive semidefinite symmetric
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The Netherlands.

S
f?



-

approximations of rank g+l1, g+2,...,n are all the same.
They are obtained ‘by using the g roots and vectors corres-
ponding to positive roots, while all other roots and vec-
\' n

tors are set to zero. In terms of approximateé;'a sym-
metric matrix by a product XX', with X an nxp matrix, this
means that X has p—-q columns with zeroes and g columns with
the appropriately scaled vectors corresponding to positive

roots.

l. Notation |
- We use thé notation Snp for the (closed) set

of all nxn real symmetric matrices of rank p < p, the

set SZb is the éubsgt of ail positive semidefinite (psd)
matrices of rank p < p. We also use the notation C > O
to indicate that C is psi._ For any nxn real symmetric
matrix C we use A (C) > ... > A (C) for the ordered
eigenvalues, and 71(C) > «.. > 7,(C) for the ordered
absolute values of the eigenvalues. If no confusion is
possible we leave out the argument C. We define for each
real number x- the decomposition X = X

X+

1(|x| +x) and x” = (x| - x).

i

x+_2 O with equality iff x <0, and x > O witﬂ équality
iff x > 0. Moreover, xTx” = 0 and x° = (x+)2 + (x—)g.
We apply this decomposition to the canonical form~

C = KAK! with K'K = KK’ = I and A diagonal. This gives
+

C

¢t - ¢ = xatkr - KATK!. The decomposition is unique,




Aﬁ‘ "Z}’:'

= I

both ¢* and ¢” are psd, and ¢t¢” = ¢7ct = 0. Finally

we use;Rgxfor the linear space of all real nxm matrices,
Sékﬁg«the subspace of Rg which consists of the symmetric
matriées.

2, ~The Basic Distance PFunctlons

For each C E'Sn we define
b (C) = inf{tr[(c-C)%1{C e s )
np’~’

inf{tr[(c-C)?] 16 € SZP}

Q
S
I

i

inf(tr[ (C-XX")2] IX ¢ BPY.
For each A € Rﬁ we define (assuming p < m < n)
' - % - -3 p b
ﬂp(A) = 1nf{tr[(A XYr)’r (A-XY')] lX € R, Y § Rm}'

The least squares version of the Eckart-Young Theorem

tells us that

m n

LA = ) AL(AA) - ) %r(AA'Z.‘

r=p-+1 o r=p+1

For symmetric matrices the Eckart-Young Theorem gives

-

n

w(c) = ) L)

r:p#l
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Agbéyﬁaftéfhbf féct tﬁiélresult reﬁé{hé‘tfde under the

much weaker condition that Ap(C)kZ 0. In this paper we

are interested in the remaining case, in which we want to

compute u;(c) for a matrix C with Kp(C) < 0.
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Define 6; to be the best rank p approximation to C+

if

Then

rank (C+)‘2 p and defigéyag = ¢t if rank (C+) <p.
. 0 § ‘/;,"U}'/ p . n
, + p At -
foowpe gerle-thHE = ] oopf e 1 ]
P - =1 r=p+1

2 r

This clearly implies

n

u;(c) = ii (A;)2 + }2 %i .
v r=1

r=p+1

The infimum is attained for C = 6;.

implies that the infim¢m is attalined for C = 0.) 1In

terms of
u;(c) = inf{tr[(C—XX’)Q] ,X € Rﬁ}

this means that the infimum 1s attained by letting

1

+ +
X =K 2 here X and refer to the parts of K
phps ¥ p Ap p °

(If C < 0 then this

and A+ corresponding with the p largest elements of A+.

If rank (C+) = p < p this obviously means that X has

p - p columns equal to zero. If C S 0 it even means

that X = 0 gives the optimal solution.




4, Application

In metric multidimensional scaling the model
is usually transformed (by squaring and doubly centering)

into an equation of the form
C =XX' + E

where the "errors" in E ére supposed to be small, and the
number of columns in X is unspecified. We then compute
the eigenvalues and eigenvectors of C, select an appro-
priate dimensionality on the basis of these results, and
compute X by the rule KA%. Negative elgenvalues are
always ignored as being "error" in some sensef?iérge nega-
tive eigenvalues are taken as evidence that thé model does
not fit the data very well. in this procedure it is clear
that no precisely defined least squares problem is solved,
because é precise definition would mean a pridr specifi-
catién of the dimensionality p. Due to the fortunate
mathematical properties of eigenvectors this is not very
serious (a successive solution gives the same eigenvectors
as a simultaneous solution for fixed p). Morééver in
practical situations we will almost always have‘Rp(C) > O.

There is, however, nothing in the procedure of forming C

which guarantees that this is true. This becomes more

important in applications of the basic approximation method




to nonmetric scaling where it is necessary to specify p

in advance. For a rigorous solution of these problems

we have to consider the posssibility that KP(C) < 0, and

in this case our "optimal" configuration must have a number
of zero columns (it would be interesting to know how this
possibility is handled in TORSCA and KYST, which use the
approximation procedure in the early stages). The solution
outlined in this paper is even more important for some of
the new scaling methods currently being dévelopedehiéh'
use the approximat}on in each iteration until convergence,
and ndt only to compute an initial approximation. It was

with this last problem in mind that this paper was written.
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