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0.1

In this paper we shall be interested in the mapping of a finite set A

into p-dimensional euclidean space. The data consist of some kind of

information about the (dis)similarity of the elements of A with respect

to each other. The existing forms of multidimensional scaling can be

clagsified ags follows:

DATA ERROR THEORY REPRESENTATION REFERENCES

ratio scale metric metric Young & Householder (1938)
Ekman (1963)

interval scale| metric metric Messick & Abelson (1956)
Torgerson (1958)

weak order metric metric Shepard §1962 a, b
Kruskal (1964 a,b

weak order metric metric Gleason 1967g

over subsets Guttman (1967

of AYA Roskem (1968)

partial order non-inetric non~metrisc Coombs (1964)

1

We did not include (multidimensional) unfolding, because it seeks fo

find a representation of a subset of As

partial orders| non-metric
over a fixed

ATCA

non-metric
(A' only)

Coombs (1950)
Bennett & Hays §196o;
Hays & Bennett (1960

It is quite easy to see from this scheme that the term 'non-metric’

multidimensional scaling is ambiguous, to sa, the least. In most eases

it refers to the data-part of the scheme, indicating which properties of

the data are used in the procedure. A non-metric error theory means thet

all errors are treated as equally serious, and thet the size of the

errors does not affect the goodness—of-fit coefficient. A metric error

theory takes the sige of the errors into account. A non-metric (euclidean)

ropresentation gives us p partial orders of projsctions on the axes of
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method is the only existing form of multidimensional scaling that may
be called non-metric without any ambiguity. Observe, however, that the
last meaning of non-metric (as a property of the representation) is a
weakness of the method. It simply indicates that the method does not make
an optimal use of its data (Shepard 1966). In this paper we shall develop
gsome other algorithms. In the first place algorithms with

data: partial order

error theory: metric

representations metric
The methods differ in the degree in which the error theory depends on
the size of the errors. Some of them are less non-metric than the others,
so to speak. We shall also discuss a method with

data: partial order

error theory: non-metric

representations metric
The principal points we shall pay attention to are the organisation of
the data, treatment of ties and inconsistencies, error theory, and
minimization algorithms. The relevant computer programs cre discussed
in some detail and examples are given, In the first section a falrly
complete overview of the literature on aspects of multidimensional
scaling not covered -n this report is given.
0.2
The data in a non-metric multidimensional scaling experiment cen be
described as a set of gquadruples of indices. Let A be the set of stimuli.
The fact that a guadruple (i,j,k,l) is in the data set L roughly mcauns
that the dissimilarity between the stimuli ay and aj is grester than
the dissimilarity of & and a;- We now want to map A into the euclidean
p-space X with metric d in such a way that

One algorithm is simply to maximize the sum of the right hond terms, ileca
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. the sum of squares of all these SBP~-differences, and Ssmin the sum of
squares of the nagative ones. Our next algorithm minimizes SSmin under the
condition that Ssall is some constant value. The final algorithm minimizes

the number of negative SBP-differences.




1: INTRODUCTION

1.1

In this paper we shall develop some new algorithms for non-metric multi-
dimensional scaling, compare them with existing slgorithms, and present
some examples. We shall not be concerned with measurement theoretical
problems (Tversky 1965, Beals & Krantz 1967, Krantz 1967, Beals; Krentz
& Tversky 1968), with existencc theorems (Guttman 196- a,b), with
properties of the metric used (Cross 1965, Coombs 1966, Wender 1968,
Roskam 1968 ch III), with psychological aspects of the similarity concept
(Attneave 1950, Shepard 1964, Torgerson 1965, Handel 1967, Ellis &
Manning 1967, Wender 1968), with theoretical approaches to the distance
function (Shepard 1957, Luce 1961, Krantz 1966), with generslizetions
to more general metric spaces (Restle 1959, Hays 1964, Herary 1964,
Johnson 1967, Hartigan 1967), with statistical models (Benzécri 1964,
Suppes & Zinnes 1963 p 60-62), with continuity considerations (Shepard
1964, Shepard & Carroll 1967), and with facet theoretical (Guttman
1959, 1967",’ Foa 1965) and data thooretical sides of the problem (Coombs
1964). For all these other aspects of multidimensional scaling we refer
the reader to the literature mentioned above.

1.2

In non-metric multidimensional scaling (NMS) the data consist of a sub-
set L of the cartesian product M X M X M XM. If the set of stimuli A
has n elements;, then M = { 1y.,.,n% + This means that L can be made to
correspond with a binary relation Q over A X.As

(1550) € 1 & al(ega), (a0,)) (1)

L can be constructed in several ways. The most complete type of date

4

erises 1if we show the subject all n™ possiblc combinations of pairs

of stimuli and ask him whether stimulus asg and aj are less alike (simi—

ler) then stimuli a  and aj. Let (i, jsk;1) € L iff he resmonds in the

1

affirmative, and (k,1,i,j) € L otherwise. In other cases the raw data
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consist of a mapping |S of 4 X 4 into a set A, strictly ordered by a
relation } e We may define L by the rule
(o5 € 1@ (ape) ) Olape)  (2)

for all 83285988y € A. Beczuse the order relation is asymmetric and
irreflexive, L will have (g ) = %ng(mi)(n—l) elements. In most cases
however there will be some symmetry in the data, such that

blograg) = §(epe) ¥ §lapay) = Slaye) ()

for all ITLY € AA 14 j. In thet case we only have to consider the
mepping of a subset C of A X A into A , with (ai,aj) € C iff j> i

Bﬁcause of the irreflexivity and asymmetry it follows that I contains

o)
2

this number, Formelly, the rule is
(i9j9k91> E L\L-“\/ S(ai93‘j) > g(akial) /\
PIDiIALD kA
k+ $1(1-1) ) &+ 33(3-1)  (4)

In other cases there are mappings of the sets -{ai}')<A into the

= é n(n-1)(n-2)(n+1) elements. In the sequel we shall write Dn for

strictly ordered sets <aﬁif :7;> for all i=1;,...,1n. Evidently this
produces n(g) = $2°(n-1) olements in L. In the method of triads 211 (g)
possible sets of 3 stimuli are strictly ordered. This produccs in a
similar way 3(?) = 3n(n-1)(n-2) clements in L. The number of olements

in L will be denoted by N. Moreover >\ is a onc-one mapping of L onto
ii,Qy..,ﬂJ\.

1.3

In the previous section we have used the strict order >> for easce of
presentation. Actually we do, in most cases, usc a weak order )'7 or
even a weak pariial order. The reasons for this will become clesr after
the discussion of the problem of ties in this section, end the algorith—
mic problem in section l.4e As in most non-metric problems (of Kendall
1982 ch III) the appearanco of *ties is a nuisance for NilS—algorithms.

W ranr S A et s S ome 2 s AT PP At vrmtre [ Vottesle o] AOLA e W
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Roskam 1968 p 39-40). Consider the case in which rS maps A X A into a
subset of the reals with their usual ordening, and let Ei be a non-
negative real number. The first rule we shall discuss is

(1,3,k,1) € L<:='> J(aifa’j) - J(ak’al) > gl (1)
If {1 = 0 and if <§(ai,aj) = J(ak,al) then both (i,3,k,1) and (k,1,i,3)
€ L. If [1> 0 and 6(ai,aj) = S(ak,al) then both (i,3,k,1) and
(k;1,3,3) ¢ L. The interpretation is clears: gi is an estimate of the
precigion with which we have measured our dissimilarities and é:l = 0 is
only a special case. If Ei ™ 0 then a tie is interpreted as a lack of
precision in the su’bject's discrimination, and both corresponding quadru-
ples are eliminated from L. The interpretation is reasonable;, buti the
choice of gi is in most cases rather arbitrary. Another rule

(1,35k,1) € L /““? 6(3193 J(akya > g

In this casey, if - Sl \< C((ai,aj) - cg(akyal) g +g1; then evidently
both (i,j,k,1) and (k,1,i,j) € L. This is an entirely different inter-
pretations all values ’r;e'bween the boundaries are included as actual tiles.
The numeriwal respouses of the subject suggest more discrimination
capaclity than he really has. Both quadruples are included in L. The
treatment of ties is especially important in the analysis of adjacency
matrices of graphs (as in sociometry). The entries of the matrix A=

{\g(ai,a.)} =def'{ gijg are elther zero or one, i.e. Jij = 1 iff

subject a4 has 'chosen' subject aj, otherwise (Sij = 0. Bvidently in

this case the rule must be
(1,3,k,1) € L & cj =0 A é’m:i
=k AL D (3)
because the matrix is a conditional proximity metrix, and J—ij = i1 = 1
means only that they arc both not greater than a certain 'critical'

dissimilarity (S‘ , which is characteristic for subject i, In a similer

i
way "Sik = 0 actually means (in the distance model) Jik>/ Cfé}
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The algorithmic problem cen now be stated as follows: we want to find
a metric d : A X A —> Re'. This mapping must be found in such a way
that

(1,3:,1) € T = a(ag,0,) 2 alaga) (1)

For d(ai,aj) we shall write dij in the sequel. A more severe gset of
requirements would be

(4,5,k,1) € T = dy5 > 4 (22)
(1,3,k,1) € LT A (k,1,1,3) € L => di5 > 4y (20)

but we shall see that some of our algorithms allow for cases with

(1,3,k,1) € T A (5,2,4,3) £ T Adg =a,  (3)
The samc thing is true for the Kruskal-algorithm (cf Roskem 1968 p 43-45,
P 122-126) and the Guttman-Lingoes rank-image principle (Guttmen 1967,

P 14). Both Kruskal and Roskam require

‘Si;j 2 51<1 & dy

2 49 (4)
which is equivalent to (2a) and (2b) in the cases they consider (weak
orders that connect A )(10. Their algorithms, however; do not try to
solve this problem (cf Guttman 1967 p 42). Guttmen is much more careful
in these matters. lorecover, the discussion in the previous section imples
that cases should be possible with

cgij = gkl A dy5 # A (5)
(for example in the case of graphs). Observe that our algorithmic requi-
renents (1) and (2) both imply

(k1) € L A (51,4,)) € T = 454 =4, (6)

In combination with tie-rule (1.3.2)

] ; - ::"—~\ =

| -€, < Sij §a < +€ = Ay = dq (7)
which is quite a strong requirement. In combinetion with tie-rule (1.3.1)
we have

‘S-‘.-: ad (51,1 = £4 ::> d.. =d, . (8)

£
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If El = 0 both (7) and (8) reduce to
“Sij = Jkl => dij = k1 (9)

|
joF

—1e5=

i}

Re X Re X ... XBe (p times).

Suppose W 1s a ma pping of A into Re®

'W'e \.g}rite (‘J(ai) = xl = (xilgeooyxijylcaylfip), VVhere the XlJ are I'el:ll
numbers. Define -
2 - |®
137 (& s T % | (1)
-1

If r ) 1 end R =1 T then d is o metric by Minkovski's inequality. If

1

0 < r £ 1 end R =1 then d also is a m@tric (Hardy, Little wood & Polya
1952, p 30~32). Because the (positiVe) power R aloarly does not affect
the ordening of the distances this specification of the meiric mekes it
possible to replace the algorithmic requirements (1.4.1)pby
P Lol
- =~ _ r Z" . Sb
(4, 5,k,1) € T = géi'xis st s=1lks ~ *1 )0 (2)

with r > (O
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2: EUCLIDEAN MAXIMAL SUM ALGORITHM (NMSEMS)

—241~

Our first algorithm is already (faultly) described in De Leeuw (19681,
p 28-29). It is a program in the cancnical discriminant analysis of
relational data or CDOARD-series, a slight modificstion and further
development of some ideas of Guttman (1941,1946,1959). It provides
non-metric solutions by computing principal components. The technique
is surprisingly general (ef also De Leeuw 196— a). If L contains N
elements; then definc the N X' n matrices S and T in the following ways
if A(i,j,k;1) = m then

S
mq

fai o fad _ Jak | Sa1 (1)
and

%
mg

it

Joi o Jed . gael o (2)
In (1) and (p) the superscripted 5's denote the Kronecker symbol, The
function A is defined in section 1.2. If x is an n-element vector, then
the N-clement vectors Sx and Tx contain, respectively, the elements

(xi -x.) - (xk - xl) and (xi - xj) + (xk - xl) on the appropriate

J
places. Define f(x) = x'T'Sx, then

fx) - =  Gegxg)? = ()’ (3)

(i,j;k,l) € L
The relation with (1.5.2) is obvious., Moreover
x'{(T'S + S'T)/2 + (T'S - S'T)/Q}X =
x'((T'S + s'T)/Q}x (4)

because T'S — S'T is skew symnctric and hollow, which implies that

x!'T'Sx

It

x'(T'S - S'T)x = O. Tefine the Lagrangian function

- 1Mt — 1 —
%A(X) = x'T'Sx /U(x X - 1) (5)
Symbolic differentiation with respect to all elements of x gsimultancously

gives



1
ﬁ%;%é&l = (S'T + T'S)x ~ 2/ux (6)

Do Lecuw (1968 b) erroncusly states that the conditions for an extreme
value are T'Sx =/¢1x, but finding the extreme values of x!'T'Sx means
solving the eigenproblem

{(S'T+ T*S)/Q}x:/qx (7)
Of course, by (4), we could also have defined

D) = xr{ (7 s vs)/2dx - pulxrx - 1) ()
with exactly the same result. It is quite casy to sec that S and T are
composed of two N Y n matrices, say S, and 8, with § = 8, - S, and

T = 8§, + S,.. Evidently

1 2

1 - 1 - 1 t - t

S'T = 8}S, S48, + 818, S1S, (92)
f - (X< - 1 1 - 1

D's = SIS, - 818, + S48, = S35, (9v)

S0
l(qr 1) - 1 - Qt
3(s'T + T'8) = 818, - S35, (10)

Moreover, because both S1 and 82 have two non-zero elements in each row,
one of them equal to +1, the other to -1, it follows that

1 — 1 —_
trace(slsl) = trace(Sgsg) = 2N (11)

and if

— — 1
Q =g.¢ 518, ~ 525 (12)

then trace(q) = O. Because the row sums of both Sl and SQ disappear,
SiSl and 5582 are doubly centered, and consequently so is Q. All eigen—
vectors of @ are centered; and the sum of the cigenvalues equals zero.

At lcast one of them actually equals zero, because Q is singular. We m°j

order the eigenvalues according to

/“1),‘49},“'2/“‘1{*0?'“2/*‘11 (13)

- S e

and define



which makes the relation with (1.5.2) even more obvious. Morcover f

will increase as long as we add new dimensions with positive eigenvalues.
This technique can be used to obtain an initial configuration. for the
iterative programs discussed in the next chapters. It 1s reclated to a
technique of Guitmaen (1967 p 36-41). As Gutiman's technique it may help
us to obtain a practical estimate of the uppex#ound of the dimensionality:
the number of positive eigenvalues of Q. An evident advantage of a very
good initial configufation is that the local minimum problem is much
less urgent (we solve for the absolute meximum of the eigenproblem). In
general this initial approximation is indeed extremely good, moreover

it is unique and considerations of degeneracy and triviality do not
apply. It requires less than ten percent of the computer time used for

a complete iterative solution. It is casily generalized to an NMS-
solution that is optimel for a number of subjects at the same time
(CDARD7-program, cf De Leecuw 196- a).

-2 2m

Define

dij = g (x5 - st)2 (1)

s=1
An obvious generalization of (2.1.14) gives us
P 2 2
f o= = Z WA (5 (d..—d]cl) (2)
2 s=1/ws l,j,kyl) e L (19391(91) 1] -

where the WVA(i 1) are IT non-negative weights. Consider the following

s Jeks:

rorithms take .. = 1 for all (i,j,k,1 <~ L. Maximigzing f
algorithm ake W«\(l,Jykyl) a ( 9 J9Ky ) ;j ) b
gives us an n X p matrix X, Define % A(i 3k,1) = dij = dy e Ve now

FJIP9

want to maximize the number of negative clements in 4, i,e. maximizec

:Z::::::::; Sign(t'\(i,j;kyl)) =

(i,3,k;1) € L
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2 2
2 S5 % (3)

(iy3001) € v [d, -

provided,; of course, that d2 # dil. Our next step to achieve this is to

1j
define new weightss

s - [‘ 5 - % _lfi 4

And again fp is maximized with these new weights. As soon as

(1) [’dij-dil’ '1}i (5)

i
w . .
/\(19J9k91)
the algorithm has converged, and we have maximized (3) in p dimensions

under the coudition that dij # dil for all (i,js;k,1) € L. Cf also sec-
tion 3.5, The results of an application of this algorithm to a set of
data are given in table I and figure II. The proxinity natrix vino fhr
gsociogram in table XVIII, which gencratcd 292 inequalities. In table I
we have given the three largest eigenvalucs and the number of violated
inequalities in iteration 1-10; 15, 20, and 22, In figure II all 12
eigenvalues are plotted for itcration 1, 5, 10, 20. Clearly the algorithm

fails to do what we wanted it to do.
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35 POSITIVE ORTHANT ALGORITHM (NMSPOM)

-3.1~

The algorithmic problem can be reformulated as follows: find a solution
to the system of N homogencous incquelities defined by {1.5.2). And if
such a solution does not cxist, find a best solution in somo well-defined
sense. In the cese of linear inequalities De Leouw (1968a) usecd a two-
phese alternating least squares algorithm. The procedure dcscribed
below iz 2 generaligation of this elgorithm. A more extensive discussion
and @ comparison with the goneral Shepard-Kruskal-Roskem ond Guttman-
Lingoes algorithms can be found in De Lecuw (196- b). 4 closely rcloted
proccdure is used in Phase One of somec mathematicel progromming routines
(ef wWolfe 1967 p 105-106). To find a point in the permissiblc region we

have to find a solution to the N inequalities

p b

r T

> %ig = ¥y = 3 s~ Fs| T 30 (1)

S=1 S:l
For & particular choice of the Xij (i=19,.,,n; J=lseeesp), lot tm
denote the velues on the left hand side of these inequalities (m:i,...ﬂi")°
The value of

Mo a
F(x) = > knax(o,—tm);]' (2)
m=1
(with g :) 0) is our 'raw' goodness of fit measure. Min F(x) is defined
x
es the best solution of our N inequalities (1). If the systom (1) is
consistent, then evidently min F(x) = O and our solution lics in the
X
positive orthant of the N-dimeansional space defined by the valucs of
tn' In a similer way scts of inequalities con be defined for othor
i)

measurement models. Programs for non-metric factor analysis and
additive conjoint measurement are in preperstion.

—~ 3¢ 2m

To obtain more practical goodness of fit coefficients observe that

N N
> Tmax(0,-t ) | %= 274 S (|6 | - 4 )¢ (1)
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To exclude the trivial solution with Xij = 0 for all i,j wo definc

T(’t ] R )q

<

== e ()
4 = a
2 %:1 ltml

If t > 0 for all m and t > O for et loast ono m, then rl = 0. If
“Gm \< 0 for all m and ’cm £ 0 for at least one m, then r‘i = 1., In the

sequel we will only consider the case q = 2. Then
" 2
m :__Z”“mi - %)

1 2
42 tm

And

coor . Ll
V22 2k

a .
If follows that O \{ Pl < 1 for all t, ond ' 1= L iff Etm)tm\ =0

(4)

and # 0 for ot least one m. If we change the sign of all clements
in 4, then the sum of the two corresponding F:’Ls equals unity. An
alternative coefficient can be defined as
2
_ Z( Jtm) B tm)
2 2
Z ([t ] + %)

(5)

Evidently O

é PQ { +co 2nd if t lies in the negative orthant of the

t—space fﬂg is not dofined. The difforence between Pi and r‘g is obvious;
. . . . . N
in Pi the errors arc weighted according to their size, in 5 the 'tm >.O

arc woighted according to their size too. It is; however, casy 1o prove

that r'
P L= —_— (6)
) +1
and, iaversely,

[, =

!
=
—~
-3
N’
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If follows that

P?
PQ— P1=r1_fw~£= plp2

and consequently Pg ;; {?1 for all t. Moreover

-1 -1
e P

(9)

By (4) and (7) Pg = 1 iff Ztmltm‘z 0 and t_ > 0 for at least one me

If we change the sign of all elements in t then the product of the two

corresponding [1és equals unity.

—~34 3~

In this scction we shall repeat our goodness of fit formulse end list

some of the relevant derivatives. Defince

5= ()t ] - t)°

T, - 4Zt§1
T, = (|t g+ b )°
m m
S
rl - 'I‘1
- &
2 T2

If y is en arbitrary variable then

Jr‘i=-1 s _ F’JTi} (i=1,2)

oy T, Loy 19y
J;; ' Jt
37 © 4§(tm - 'tml ) Oym

Jr, 83 Jt,

JY mJy

OT,

o7

-t)—S'—i %1-[2 {(1"2 r'1)Jcm - ,tm)} “:))::m]

t
4Z(tm + 0o 7

I

it

- J
i,rg r%‘l? [(1- ™Yt = (1+ ) ‘R”-\j—

m

1

(1)
(2)
(3)
(4)

(6)

(7)



—18-

By using (3.2.6) and (3.2.7) it follows that (if /’"2 £ 0)

or s s
e £ B s - 1] 52

2 1
-
_ o —rjl Ol (12)
Ty Iy OY
\
Bocause f'l -oirr [ =0am Pl = 0 implies Oyl = 0 clearly
J1y IR ¥)
37 =0 & Iy = © (13)
Remember that
AH) = (k1) = 1, - AR (14)
1/R _ _ r
v %lxiq % q) (15)

Then

t — . .
L;)xgr; r[ sign(xih - th) lxih - xjh} r-—l(J € SJg) -
sign(xy, - xp) | ey = th,r—i(‘skg - Jlg)} (16)
By (1)-(5), (10) end (11) %= | | for all m and t # O for at leost
one m is a sufficiecnt condition for all derivatives to vanish.
~344-
The minimization of the goodness of fit measures can be carried out by
one of the descend methods., We are not sure yet which one of them is the
best for the NMS-problem. So far we have investigated the optimal
gradient method (Curry 1944), the method of parallel tangents (Shah,
Buehler, & Kempthorne 1964), and a simple steepest descend method with
step~size procedure based on the cosine between successive gradients
(cf Kruskal 1964b, Spang 1962). This simple procedure seems to do a
rather satisfactory job, because both partan and optimal gradients
use too much time to compute the optimal step-size; even if we use
rather efficient interpolation techniques. For the sake of complete—

ness we list some of the formulae that can be used in optimsl gradient

*’ N 1% e B P . ya o N B " N [y )
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and partan methodss Superscripis indicate iteration numbers.

{31 -2 - ey, (1)
(s+1) ( /R (s+1) | r
{ 433 5 SEPAE *iq - %50 )

I RERIN I
J(s+1) (s+1)} 1/R _ {d(s+1) } /R _

m ij k1l

Z} (xgs) —X(.S)) - O(g;, - 8. )] ¥

1q Jq

(2)

2] & o) - e, - e ) (3)
C)t(s+1)
Jo

=—I‘/

(s)_ ,(s) oy |z
(x1, = jq)~®(g-—é-)}

iq Jq
: (s) _ (s)

sign ((xiq - %30 ) - é)(giq - gjq> }(giq - gjq) -
'( (s) _ ( ))

Ol - glq)} mt

sign {(xk s)) G)(gkq ~ glq)} gkq glq):,

In the future we wan’ to try out the modified gradient methods of
Flotcher & Powell (1963) and Fletcher & Reeves (1964), using the fast
FORTRAN-subroutines IMFY and FMCG from IBI's System/360 SSP-series. For
the MNiS-problem the Fruskal-type simple steepest descend process may,
however, very well turn out to be the most efficient.

~3.5-

An obvious generalization of r; gives us

2 (w - +))°
] (w (e ] = %) ()

1 N 2
42 (vt )
The weights W can be used in various ways. If /\(i,j,k,l) = 1 and
S s A X A —> Re, then we may define wooT Sij - "Skl' Minimizing

this generalized r‘l cannot properly be called non-metric mrltidimensio—

nal scaling, because we use the numerical values of the dissimilarities.
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In some cases, however, we do have more information than the ordening of
the dissimilarities alone; and minimizing [11 is'still a rather weak
nrocedure (compared with, for instance, maximizing the product moment
correlation coefficient between gzij and dij)° An entirely different

use of the weights is in a form of simultaneous K13, Suppose we have a
set of ¥ subjects. Fach subject S , of course, defines a set Lq g;

X u Xu Xu, 1t b - d%R - dé{ag then

~

( ,
W = E ®q(i9«j9k7l) (2)
q=11"
The function <5q s Bq - {\Ogl} is, of course, the indicator of Rq.
) ]
Using these weights is a positive orthant analogue of CDARDT7: (201012)
171 2

where also morc sophisticated extensions of NS are discussed, cf also

can be generalized by defining Q = S!IWS, - S'W82 (cf De Leeuw 196- a,

McGee 1968 ). Let t(mln> denote the value of t that minimizes rz,

ﬁ O for all m = 1,.0..,N, If (by some lucizy choice of the

and

(min)

sunpose tm

weights for example)

W (témin))—i (3)

then, by substituting (3) into (1),

m -
Pi Y T (4)
: =
where N_ denotes the nuimber of negative elements in t(mln). For \ 5 We

ohtain in a similar case

P

2N
+

Observe thet (3.2.6)-(3.2.9) are still valid, bscause N+ + N = N. This

suggests the following algorithm. Tale Wo = 1 for all m and minimize \'1

(or T‘Q). This gives us elements témln). For the next cycle of iterations
ad - "\
take w = (t(mln)) 1 nd minimize Pl (or i

o 2) using these weights.

; . . . rai .
Continue the process until the values in t<‘ n) are proportional to the

weights in the seme cycle of iterations. In that case (4) garantoes that
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f’l = I\T__l\T-:L (and (5) garantees that r; = N_N:i)7 and cleerly the
requirements for thid algorithm would be
(i,3,k,1) € L => 4, 5 > 44 (6)

o

Of course the procedure is only reasonable if the data structure satis-

fies for each ai,ajyakyal c 4

(1,3,%,1) € L => (k,1,1,]) §£ L (1)
This algorithm was tried out on some relatively small examnles. There
were some indications of convergence (the noints témin) and W come to

. min .
lie on the hyperbolastéll )w = C), but the program used an enormous

m

amount of machine time, and theo experiments were stopped (cf the discus-

sion in section 2.2).
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5: MAXIMUM SOLVABLE SUBSET ALGORITHMS (NMSMSS)

-5l

A trivial solution is obtained when in a'considerable number of cases

(1,3,51) € L A (51,3,9) §1 Adyy=ay (1)

If thewstimuli‘can‘bejpaftiﬁioned for exaﬁple into two sets A1 and Ay
~and dissimiléfitiesibetWeep elements of the same set are always less
than befween elements of differenf‘sets, then a one-dimensional solution
Qith perfect fit is always possible: give all stimuli in set Al a
‘coordlnate value x and all stlmull in set A2 a coordinate value Yy % X
'Coombs, ruskal, Sheﬂard Torgerson, and Guttmen all state that the
order relations contain not enough information. In a certain sense this
is true: thg distance between the two clusters can be made arbitrarily
large withoﬁt even violating strict'monotonicity.;Bat'in a more important
gense i1t is not trues the faet that the stimumli within the ecluster can
ke collapsed into onec single point is a peculiarity of the algorithms,
because they essentially require (1.4.1) and not (1.4.2), which makes
cases like (i) .legitimate. For a much more subtle example of such
a trivialized solution see Roskam (1968 p 61-64). The remedy is simple:
use an algorithm that requires monotonocity in the sense of (1.4.2).
This was already tried (unsuccessfully) with the algorithms in soctions
2.2 and 3.5. In the next seetions we shall try out another approach. ‘““‘mhv
-5,2_

L]

In fact the algorlthms of sections 2.2 and 3.5 are rather complicated

attempts to minimize the functlons

N
(b R (1)
10N + N,

and

-7 W
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under the condition that N_ + N; = Ny, i.e. that there are no zero elements
in t. These coefiicients also satisfy equations like (3.2.6)-(3.2.9). The
reason that such complicated algorithms were tried out at all was simply
that the functions Cijl and (;)2 do not have derivatives at a considerable
number of points, At a21ll other po;i.nts the derivatives vanish. To illus-
trate this, consider the following examples 4 points in one~dimensional
space, T=R=1, x, = 0, X; = 4, X, = 3, the requiremonts are d12>, d13>,

:; d14 ;L d23'25 d24‘2; dyys 0 N = 15, The coordinate value x, varies,
making ‘qu TE, le, and QSQ functions of one variable. Some values of
.these functions are given in table III. Clearly the functions ¢1 and

¢2 are discontinuous step funetions, while Pl and /—,2 vary continuously.

In this case

K i’

lim b= 1im b 20 (3)
X, =500 X, 00

1 1

and

lim 4)1 = 0.0667 (4)
X~

i

lim % = 0.0714 (5)
X 4500

\
The faet that (Dl and (‘;)2 cannot be minimized by the standard gradient
methods was the reason that the complicated processes discussed above

were tried out. Another attempt to exclude ties scems to be minimizing
- C o
é 1 Z ( 'tm‘ _tm) (6)
m

But it is easy to see that Q)P

N = N¢', which means that it does not
solve anything.

~5.3~

Moreover the probiem is not to exclude ties, but we are concerned with
a more general problems to get ties on the places where we want them to

]
occur and nowhere else (formula 1.4.2). Minimizing @1 (or @2) means
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a more direct approximation of the algorithmic requirements (1.4.1), and
(5.2.3)=(5.2.5) show that it will less readily produce trivial solutions,

although it does not exclude them because

r’1=o¢>r'2=o<:>(lbl=o&>¢2=o (1)
lql=1¢:><!§=1 (2)

In the sequel we shall concentrate mainly ca d}l and r}.

)
~5 44—

It is possible to compare the coefficients 651 and [1
i

éz and ijg) in yet another way. In this section we shall derive a very

interesting inequality which is considerably more precise than the onc

b7
that follows from the a priori bounds on Gsl and | 13
1

lpl— 8] <1 (1)

(and comsequently

Observe that

r 2 t2(sign(t,) - 1)° )
1 42 42
. 2, . 2
2 (sign(t;)) (sign(s,) - 1)
D, = 5 (3)
42 (sign(t,))
It follows that, if y is the N-clement vector with
A . 2
¥y =g (sien(t;) - 1) (4)

then both lql and 4)1 are weighted (arithmetical) means of the elements

of y. Moreover for all i

0 7, £ 1 _ (5)

~N 1N

This is already a very interesting result. Let
Pl - Zviyi (6)

with

V., = = (7)
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and

dpl -2 "i¥i (8)
with

| (sign(t;))” (5)

"2 (sign(ty))?
and

{5 “def r‘i - d,)i - Zciyi y (10)
with

ey = vi' - Wi (.’Ll)

Then (5 is a contrast of the values of y, because Zci = 0., Consider
the maximum possiblc value of /‘b. By (5) and (10) this value is reached
when
/ ——
s ) 0& v, =1 (12a)
Cs {0 <"'—'-> Yy

In this case {3 is equal to the sum of the positive c-values, and it is

]

0 (12b)

easy to see that (sma.x = ¢Z\ ci\" By exactly the same rcasoning the
minimum value of P is reached if
o L0
oy 7/ 0 & ¥
N Sy ;
and (Amin = ‘32 Icil o It follows that

AP M IESE DAY (14)

As 2 matter of fact this is a special case of a morc general inequality

1 (13a)

il

0 (13b)

for contr:sts, that does not use the special features of our y. Let the
vector ¢ be arranged in such & way that ci?’ O for i=l1,...,k and

ci < O fOI‘ i=k+1yov-71qo Thon

N k X

f;lciyi = iz=1 ' Oi‘ i - izl?-»l\oil y; K
k e N N
OOZ [l - o0 2 e -
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k N N
2 (max(y;) - min (3,)) 3 Jo;) &
i=1 i=k+1 i=1
N N N N N
i ) - mln(y ) C. = i max Y. = Y. 2: C.
(1=1<y i=1 1) g;l 1} i,j:l‘ * J‘i.—.l\ i

Morcover, by Minkovski's inequality,in our case

2le) =23l =) 2l Inyff - ey <)

-

Equality iff there are r,s with r £ s in such a way that i £ r im-lies

v, =0 and j # s implies Wy o= 0. Becausc t;, = O iff 81gn(ti) = 0 this
case 1s impossible, i.c.

T, - .| € :2)e) < 1
Of course the impossibility of having, at the same time, f7 = 0 and

1

dsl = 1 or [Z = 1 and 96 = 0 follows directly from their definition
/

oo ( of 5.3.1 and 5.3.2). Obscrve that % 2 lo. ionly depends on tho
absolute values of the ti. Consider the example in table IV. No matter

in what way we choose the signs in the t vector in that example, we

1

-
always have I l ' ’51} \( «34. In table V we have enumerated all 25 =

32 casces. Clearly the lower half of this table is redundant.
=55
Define an N-element vector b in which cach clement corresponds with an

elemcnt of L:

(1,3,,1) € T A(k1,i,i) § L& P N4, 4,5,1) "2
(i;05k,1) € L A (k,1,i,5) € L &> b Ni,j,5%,1)=°
7 9
It follows that
b . . = ~—dn— Ay =
>‘(1ny1{91) 0 <-_> b(x(klylyi’j) 0
Now define
)
S = ;g iby . . sign(d, . - d,.)
(i,3,k,1) € L >\(1939k91) 1J k1l

— - 5
-2 ’ Elgn(dij - dkl)]

(i,3:k,1) € L

(1)
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v- 2 ;

b .. =
(i,j,l’;,l) €L ’\(19391591)

2

(i,3,k,1) € L

]

" A(1,5,%,1) (6)
T -5

\/ T
Evidently -1 & T & +1, and 7 is a generalization of Kendall's
familiar coefficient to vmartial orders. Maximizing 7vsoems a rather
attractive algorithm because in the first place the requirements clearly
arc strict monotonicity with +ties on tho b,\(i,j,kgl) = O places, Observe
that if we code b with zeroes and ones it is not neccessary to include
both (i,j,k,1) and (k;,1,i,3) in L. In the seccond place it scems likely
that 7“ behaves morec nearly as a differentiable function as (#1 or
b,
-5.6~
Suppose A = A4 U 4, and A N Ay = $. Morcover (for p=1, q=2 or q=1,
p=2)

a'iyajyake AP N a, € Aq = (i,4,k1) € L (1)

In this case a trividld solution in one dimension is possible with Fi =
1
G>1 = 0 (as indicated in section 5.1)3

]
a; € A > X =X (2a)
ay ¢ A2 - X4

y (20
with x £ y. Suppose all (g) distances were strictly ordered, suppose

that A1 has n1 elements and A2 has n2 elements. Then
D +Dp !

_~ n, n,
Vo= /1 - — (3)
“n

If n = 10 for example, the possibilities are given in table VI, For
n = 20 the results are given in table VI(. Clearly T'provides us with

@ measure of degeneracy, while fl and d)l do not.
{
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~5.7=-
In the NMSEMS-algorithm ties play aa rather peculiar role. Becausc we

always have

2 _4%) =0 (1)

2 2
(a5 - 4) + (d - ij

ij
it evidently follows that

= Z———-‘\_N__ (dg — d’} ) =
a (i,4,0,1) € 1 9 K

2_ | 2 (
(1,9,

2
b . d; . - d
) < 1 ,k(l,Jykgl)( iy 1)

[\
-

U

where the b are defined as in 5.5. By (2) and (5.5.4)
L2 2 2 2
p Zb,\ Liijykjljglgn<_dij - dy) jdij = 4y I

S (3)
> ib)(iyj,k,l)SigH(digj - ag)

It follows that

Combining this with

s NY (5)
we obtain, because sign(§) = sign(7?),
= M N max d2 - a2 ‘ (6
X def ¥ < (1,4,k,1) e L1 23 K

Inequality (6) is rather wasteful compared with (5.4,17). In the casco
described in tables IV and V we have 5 £ 35. The valuc of f T end
z is also given in table V .

-5,8-

In the same way as in section 5.4 it is possible to prove some other

inequality relationships. Define
8 i i- ‘tit (sign(ti) - 1)2 7( l‘bil - ti>
4 A ) AL

. M \
=3 (1—5:—'70;]) (1)
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This new coefficient is another special case of (3.2.2), and clearly

it also is a weighted mcan of the elements of y, defined by (5.4.4).

Let ‘t
7, = 'Wﬁ (2)
and
d, = v, - zy | (3)
e; =W, -z, (4)

where v, and w, are defined by (5.4.7) and (5.4.9). Again
- o
1T, - §] ¢ 221 (5)

and

[0.-81 ¢ 45 ), (8

Substituting (1) into these inequalities

1+ Zildi (7)
A PN (

—7ldi\é2p +

1 -

co
~

77‘71
_i*
Tty

5 ¢ 25{?1 *

In our example (values of z,, diy e; in table IV) we obtain

1

.72 ‘{ 2 Pl + é%- é 1.28 (9)
M

.60 £ 24}1 + 5= £ 1,40 (10)

In figure VIII we have rlotted the sixteen wlues of /* and {jl and we

have drawn the (parallel) lines corresponding with (9) and (10):

P = 25.60 - 40 T (11)
/u = 14.40 — 40 Pl (12)

Again the boundaries are quite satisfactory, again there is equality for
two points.
~5¢0—

-
The obvious similarity of , 19 qsl’ and g can be explained quite simply.

Defines
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(1)

AnG suppose the ti arc N constants. Then

S (2)

(1) =

£(2) = Fl (3)
lim f(q) = (?l (4)
q =0

Without loss of generality we may assume that only the first k elemcnts

of t are negative. Then

P i

£(q) = e (5)
& I 5]

And clearly f(q) satisfies (3.2.6)=(3.2.9) for all q. Another interesting

case is
max( lti' - ti) (6)
O

lim (f(q))l/q T2 max( }ti] )

Sh R

If t. ) O for all i and %, ) O for at least ono i then this function
iy i

vanishes., If the first k elements are ncgative, then
k

N ( k (.
ma 'til ~t,) = imff( Iti - 1,) =2 ?Z(lti') )
> ggx(lti‘)
linm (£(q))¥/9 - 2 (8)
>0 max(,til)
i=1

Of course

) L b} 4 - sign(s,))8
s qultj) Q

which means that f(q) is a weighted arithmetical mean of the N numbers

(9)

Y

;o= 27 - sign(t,))? (10)
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=5.10-
.
I

members of the family of weightcd means f(q). In this section we shall

In the previous section we have shown that ¢19 and g are all

discuss the family

(1)

In practice we have in most cases b’x< = 1 for all (i,j,k,1) &

i7j9k9l)

L because we prefer ties a roach (1.3.1) with €1 > O. In this case

T reduces to : ' o
Dsign(t,) 2 (sign(t,)) sign(t,) . .
= T - p— = llm 2
Lo 2 (stan(1,))?  g»0

while
~ /(L ) \til sign(ti)
M A R Ny - &(1) -

e
e

If follows that
PERARE T P (a)

For our example this means that the differcnce is always less than .20,

For all q wc hawe

-1 < gla) L +1 (5)
And for all q D 0

£(q) = £ () (6)

glq) = 1 - 2f(q) (7)

This can be proved quite rigorously by using the binomial expansion of
(1 - sign(‘bi))q, but it is easier to note (by checking all three possible

values of sign(ti)) that

o~y [ ) 41 - sign(t;))? = z"rZ)tilq(l ~ sign(t,))” (8)

for all q,r ) 0. This implies

2141 %1 - sign(+,))

f =
(q) 22—, T (9)
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= 1 for all (i,j,k,1) &€ L then

If by -
A(i,3d5k,1) N
N, -N_ (W N ) -

Ty=tin ele) =F5F < Y TE B
q-»0 + = + -
-1-2¢, =1-22ln £(q (10)
1
-0

In this sense (6) and (7) are also true for g —> 0. We already obtained
30ty
1 VZ’C?ZH.}Q
i i
9]
Z}t.)‘-sign(t.)
= = 2 = g(2) (11)

i :til -

(c¢f 3.2.4). In summary: if q :) 0 it does not matter whother we choose

1-02f(2) =1 -2T

for our minimization procedure one of the g(q) (the maximum sum
coefficients) or one of the f(g) (the positive orthsnt coefficients).
If ¢ —> 0 they both reduce to the maximum solvablc subset coefficients
(?1 anc 7'A° If we use ties approach (1.3.1) with ££ > 0 or if there
are no ties at all in the data set, then 7; = 7'0

-5.11~

Define (with E\g a non-negative real number)

iy =1 4 = ldij -aql € €, (1)
G214 =0 45 - g > £ 2 (2)

4521 Ya & dij‘>1 g VW 435 = Gy &

ey -l (€, Ve -ayD> 6, <=

di5 = 9 >/ _€2 (3)
It is possible to prove that

dij>/1 Gy A G 2 855 > 4 =g ) _£2 A

£ / >
by = &35 ) "€2<“> "22\< dis = 41 S +£2<">

]dij - dk:l’ < €2<:‘> dij =1 Y (4)
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The introduction of 222 means that we redefine a tie in the numerical
representation, which may be mare realistic because of error of
computation, etc. It is importent to observe that = in general is not
an equivalence relation. Although it is reflexive and symmetric, it is
transitive iff 622 = 0. Consequently if E; # O then ‘Zi is not anti-
symmetric which means that it is not an order relation. It is reflexive,
but it is trensitive iff Eé = 0. The relation >2 however is both
transitives

GV G A Gy 7y 4 &

g dg D £, 4 = 45 ) £, =>

- d >2{2>/£2 (5)

d. .
1J nq
and asymmotric. Evidently is a strict order. Moreover it is connected

because the real numbers dij and can always be compared. Our

dkl
algorithmic requirement (1.4.1) becomcs

It follows from (4) and (6) that we alio require
(1,d,k,1) € L A (,1,i,j) € L = 45 =g Qg (7
The definitions of 4)1 and T can easily be adaptcd to the casc of
52 # O«
-5.12-

. 3 r\. N
Minimization of functions such as g 59 19 and |

A must be done by

methods that do not use derivatives. Such methods have been devised by
Rosenbrock (1960), Smith (1962), Powell (1962). Morecover we have the
relaxation methods (Spang 1962) that change one variabkle at the time
and interpolate for the minimum. Up to now we have only tried out the
simplex method that was originally devised by Spendley et al (1962) and

improved upon by Nelder & Mcad (1904).
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6s ALTERNATING LEAST SQUARES ALGORITHM (NMSALS)

-6,1~

In this chapter we shall discuss a project that was abandoned about two
years ago anca that shows the superiority of gradient methods to intuitive-
ly satisfying 'direct' techniques. The alternating least squares

solution resulted from a suggestion of Van De Geer about three ycars

ago 1o solve the Ross—Cliff (1964) problem iteratively., Let Ds be the
off-diagonal sub-metrix of distances between elements from two differcent
(non-overlanving) sets, say D, = {d§§) ; i=1,000,05 Je+lyeoe,nt+me IF

n amd m are not too small then the elements of the diagonal submatrices

can be located rather precisely by using

n+m n+m .
max (1) C<lj>{ < d, . { min (dj(-ls) + d(;)) (i,5<n) (1a)
k=n+1' = J% J k=n+l T %
n
e 1a(s)_ 4(s) () , a(e)y (4 ;
,12:?5 dl«:i B kg \< ij < ii? <dl\1 * d kj ) (193>n) (10)

he index k varies over the known elements of DS, By taliing the average

of the two bounds in (1a) and (1b) we obtain an initial estimate d§q)

of
the diagonal submatrices. Complete the matrix D, apply the Young-House-
holder (Y-H) process (Young-Houscholder 1938, Torgerson 1958), use the
first k vrincipal components to compute a new matrix of (euclidcan)

e d

distances D, compute

S $E - (0) _(0)y2]
(Z’<0> N &g D (2)

Replace the off-dagonal submatrices of Erby DS and repcat the Y-H part.

As soon as

< & (3)

(1) _ A(i+1)
G

the process has converged. If
(1)
(gé(ZB

then we arc ready, otherwise k=k+l and restart. In general this procoss
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Another process, already used by Torgecrson (personal communication during
NUFFIC summer course on Psychological Heasurement Theory to L.J.Th.

Van Der Kamp, who communicated it to me) is combined with this proccss.
‘e gtart our discussion of it with a complete, symmetric matrix of
dissimilarities, say {\ = {8ij§ o A»plying the Y-H orocess to this
matrix gives us k components, compute distances d, Iruskel's 8-valuos

and stress, reapnrly Y H on‘ﬁy etc. The initial configuration in fairly
good (although the cigenvalucs nust not be ured to estimate dimcnsionality:
the small~-st ones hay vefy wcll be ncgative). Convergence is rather fast
in the beginning, but in the neighboorhood of the minimum the value of
stress begins to rise very slowlvy. lioreover, the sum of the k cigenwvalucs
bogins (equally slowly) to exceed the trace of the pscudo-scalar-product
matrix, indicating negative resicdual cigenvalucs., Neverthelcess, the
solutions were essentially identical with iruskal's solutions, and the
program was used on some data sets. We coven went through the trouble

of goneralizing it to conditional matrices (a»nply the dla—process on
each row or column and meske the resulting fLm&trix symmetric by averaging:
a third least squares process), to off-diagonal matricos (combine it
with the itcrative Van-De-Geer-process discussed in $.1). “hen the
nrograms became more complicated, however, the asymntotic bchaviour and
the computer time used became less and less satisfactory. Thereforce the
projcct was stopped. The nrincipal lessen is a warning against ALS-
algorithms in genecral. As a matter of fact the »rocesscs arc comparable
with the direct MINRES-method tested by Harmon & Jones (recomputing
commnality estimates after cach principal component analysis) and to

the Rao and Lawley itcrative procedures for maximum likelihood factor
analysis, investigated by Jreskog (1967). Wo know that thesc procedures

converge very slowly, and in sowme coses they even diverge. Another LLS-
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algorithm is thc one used by De Lecuw (1958 a) in non-metric discriminant
analysis. Further numcrical expeorience indicatcs that it does not
minimize the normed coefficicnt rﬂi, De Leeuw also used an ALS-algorithm
for additive conjoint mcasurcment (combine Kruskal's d-d-process with
row and column means as best least squares estimates of scale values) .,
It diverged. For the same reason it is not unrcasonablc to distrust the
Lingoes-Guttman (1957) algorithm for non-metric factor analysis,
—643-
In this scction we shsll discuss an ALS-version of NMSPOM, which cleorly
illustrates the idea of three alternating least squares processes. The
vector t can be written as

t = 3d (1)
where S is an N X q matrix with in each row one clement equal to +1
onc equal to -1, and the rest equal to zero, and 4 is a g-element vector

1/R

with the values of d in the appropriate order. The matrix S is

constant throughout the itorations. suppose we have a configuration
X(l)° Compute t(l) and d(l), The first least squ-rcs problom: find a

vector %{i) such that

,\, .
téll) 7 0 for all m (

Ny
~—

and

P - Z('%n(li) _ 4(i)y2 (3)

m

is a minimum. Evidently

'%éli) - tn(li) if trgi) D o (4)

;;1511) -0 if tn(qi) {o (5)
In general

S w0, 60y () ,|tn(li>\) (6)
Substitution into (3) shows that

P o= Zz’(}téi)' tn(ll))z (7)



37—

Note the similarity with f“ o The second lecast squares problem: find

1

. ~ ~l s
a vector ﬁ(l) such that Sd(l) is maximally like t(l), Obviously there
may arise some trouble here, bccause S is singuler. We add a row of

a . ~f
ones to S ( the N+ B row), and we add the element 2_ dﬁl) to t(l)
k=1

.t .
(the N+1 b element), ond we solve the second least squares problem with
these enlarged matriwes (the trick is simply to use an additional

~

reguirements the d(l) must be in the same scale as the d(l))° Evidently

T - (s15)715 7 ()
In the case of a weak order over the upnper-diagonal elemcnts of 4 ¥ 4,

we have for the enlarged S~matrix

So (8) sim~lifies to
~(3) |4 gn(d)

= (10
., )
If j is a g-element vector with ji = 1 for all i, then
d A(1) ~(i) 1 i) 1 . (1)
d = "d = = "S"t = - C o o o 0 . + =
Z_ " j 7 5 ( s q)
(1) _ 4 o(1) (11)
=% = J
N+1 o1 It

which is exactly what we wanted. The final least squarcs problem is
finding a p-dimensional representation of A, in such = way that the
cuclidean distances between the points maximally resemble the corres-
Co~(4) . , . .
nonding dy elements, This problem is solved by the Y-H process, which
. (i+1) . . , . o .
gives us X o Again, this ALS-procedure is intuitively appealing
(at least to me). It is straightforward, the process is neatly separatoec
into three distinct parts, and each time we have threc unique solutions,
corresponding with sbsolute minima. But again, although it arrives at a

satisfactory solution from a »racticol point of view, as an algorithm

for minimizing [11 it diverges (cf however section 8.8).
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Although the relevant computer programs are still in the test phase, we
shall give a short description of thel basic features in this chapter.
The first program is called NUSPQM. The current version is written in
PL/I. We plan to test another version with the main program (input and
output statements, array declarations) writton in PL/I7 while the
computing is done in FORTRAN4 (using IBl-deoveloped subroutincs such as
EIGEN, TMFPP, and FMCG)u The initial configuration can be either read in,
croated in the manner of Krusksl (1964b) or computcd. In the kast casc
we use‘the algorithm of chapter II, and the resulting estimate 1s called
canonical. The minimigation technique can be either optimal gradient,
nartan or cosine method (cf section 3°4). The function to be minimized

[

5° 4% cach iteration the program outputs the

can be either r‘ or
1
currcnt values of rl and f;, the nuwaber of negative elcments in the

, . . s) . . . . .
vector t, the time, and, if G( ) is the metrix of partial derivatives

. . s-1 8 . . .
at iteration s, and X( ) and X( ) arc two successive configurations,

T 1

/ 9

> 2 (9)y2
o (8) _ ,/i=1 i%_;(gij )

3

s 3 ({50 (e)ye
z 2z

>
=~
[}
~—r
|
-
=
o}

(2)

G:(L:)] (3)

dQ = max
i,

(3&3) = max
i,

After each iteration the valuc of dgé) is compared with a precdetorminca

stopping criterion O(c,, If O(j(-s) £ O(C (or if s equals the vrodtermiacd

X.

I

(

-1) - x(?)
J

[SNPY)]

(4)

\

X 3 3
maximum s v) then the program outputs X(S>, G(S’, the distances D(°) and

HiAx
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(optionally) the vector t(s), Other important paramcters (whose use is
self-evident) are the valucs of r, and two values p min and Phax that
bound the values of » that are to be tricd out. If the initial estimate
X(O) is canonical, then the program also outputs X(O), D(O)9 and the
spectrum of the matrix Q (formula 2.1.12),

-7 o2

The other fundementsl program we shall discuss is called NIiSMSS. The
current version is written mainly in PL/I, but the suhroutine that
evealuatcs the function that is to be minimized is written in TORTRANA .
Moreover the progream uses the IBli—written FORTRAN sobroutine RANDU to
generate np+l (random) initiel configurations. The parameters p . Pz’
r are similar to those of NMSPOM. There is another important nparameter
that indicates which function must be minimized (either rl, iﬁg, (ﬁl’
(>29 or 7‘), The np+l-dimensional simplex always has np+l function values
associated with it, let they be denoted by Ve After each iteration (i.c.
either a contraction, a reflexion, or an expansion) wo compute the
standard deviation of the Yo Say Sy’ At iteration s we output s, mfn Yyes
mix Yy and Sy" If Sy is less than some cutoff value S, iterationshare
terminated and the program prints the coufiguration with the lowest e
value and the corresponding distances.

T o3

The NMSEMS-program uses the technique outlincd in chapter 2. It is
written in PL/I, but uses the SSP EIGEN. There is only one naramcter,
pmax. The program computes all clgenvectors, and outputs those associated
with the Prax greatsst eigenvalues. loreover for each added dimcnsion

the program outputs the value Of/i 5 (> , and [11 and the (cumulative)
distances,

-7 o4~

The data of NMSERS, N.ISMSS and NMSPOM consist of quadruples of indices.
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In general the number of quadruples is considerable, and this coding of
the data (in terms of the number of punched cards for example) is highly
Tefficient in the cases in which we start with nu@erical matrices.
Therefore we have writtea a PL/I program SMPUNCH that analyzes numerical
matrices and punches the quadrunlcs of indices. The narameters indicate
whether the matriv is off-diagonsl, conditional and/or syumetric. More—
over we specify in advance whether the diagonal clements should bo
ineluded, ond wlether ties anproach (1.3.1) or (1.3.2) should be used.
In both cases the v&lue of 221 is another paramecter, Finally we snceify
a value X that takes care of incomplete matriccs., If éi' = A then

ij is ignored. The only »rinted output is the valuc of N when all
quadruples are punched. The punched output of SHMPUNCH can be used
directly in NMSEMS3, NMSIOM, and NIGSMSS, as well as in NTALMS, NFAPO,
and NFAMSS, the analogous scries that interpretes the dissimilarities

as scalar products (i.e. performs a non-metric factor analysis).
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8: COMPARISON WITH OTHER ALGORITHMS

~8.1-

In this chapter we shall compare our algorithms with the most important

cxisting algorithus., We shall only discuss the Krusial-nlgorithm and its

generalizations (by Gleason (1967) to conditional proximity matrices and
by Rosliam (1968) to all four types of dats matrices of the Coombsian
classification). The other important series is the Guttman-Lingoos
SSA-SSAR-SSAP-SSARP-scrics (Guttman 1967, 1067be”or short bfogram
doscrlhtlops cf Llnooos articles ina Behav1onrnl Sclence 1905—68) This
means that we do not discuss tho algorithms of Shepard (1962 a,b), Youyng-
Torgéfson—Schulman {Torgerson & Schulman 1962, Young & Torgorson 1968;
Young 1968 a,b,c), Sydow (1968), and HoGee (1966,1967 ). A domonstration
of - thc 3tr1klng algorlthmlc similarities betwecn the Kruskal, Shenard and
Guttman apbroachcs in the euclidean case has already b”en given by
Gleason (1967)9 who uscd a s1molc goometrlc model for thls purposc., A
discussion of the different transformation principles used by these

three authors has been given by Guttman (1967 p 42-45).

~8.2-

The results of Shepardy and Young's Monte Carlo studies on the detormi-
nateness of non-metric multidimensional scaling solutions seem to be
quitc satisfactory, although they investigated the most tightly constrained
case (Shepard 1966, Shormand: Young 1968, Young 1968). If we want to map

n stimuli into a matric shace with one of our programs, then we must
comparce n(L), the number of clements in L, with the maximum, in most
cases Dn (cf section 1.2). We may define the comploteness of a set of

comparisons as

U E-@ (1)
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For the method of triads we find for example that n = 4(n+1)"1o Tf A

is partitioned into two subscts Al with n, elements and Ay with Ny

elements (for exsmple at*ributes and concepts), and the subjcct hac
to select for coch element of Al the k elements of A2 thot are most

like that particular clement of A then

19

nlk(n2—k)

Dn +n
1

TN
he]

i
~-

2
which will in most cascs be very small, The value of /2 affeets the
determinateness of the solution, and clearly we have to tale the wvaluc
of Q into account to know for which value of rl or qii we may conslder
our éolution satisfactory. Comparc conditional proximity matrices with
complete matrices. For complete matrices Q = 1, for conditional matrica:
7 = 4n(n—2)_1(n+1)—1 (both do not have ties). The definition of o
satisfactory solution with our programs must take thesc relative 7alvan
of q into account. Of course ultimately the question whethor a poriicu..
lar solution should be called satisfactory is a statistical problem,
but statistical worl: on the goodness—of-fit coefficients is rathen
nrimitive (of McGee 1966, 1967). The only way out secems to be sampline
cxperiments, but clearly tkey should be repeated for each data set unier
consideration (and for all values of r and p).
-8, 3~
The princinal difference betwsen tho NiiSPOM-algorithm and the Kruskal
and Guttmon-Lingoes series is the generality of the first program. I+
can analyze all kinds of data matrices, partial orders, and even goneral
binary rclations over (A.'X b) X (4 X 4). It also covers the hecoue
(Lingoes 1968) for the analysis of categorical date (using a posnh
rexresentation of both individuals and cntegorics as in MSA-IT, while
the classification boundaries have the same form as the isosimilarity

contours of the Lp—norm used). The NMSEIS and NHSIM3S~programs cap handio
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cxactly the same deta. This meoans that data collected by the mothod of
triads, for cxample, do not have to be blown up to obtain a weak order
by using a CDARD2-typc technique (as is done by Levelt, Plomp & Van Do
Geer (1966), Do Gruyter (1967)), or by avoraging them over subjcoots

(as is donc in ths classical Torgerson approach). In general the NitSPOu-
program is rmuch more subtlec 1s much more subtle than the existing ones,
because we can weight cach inequality separatcly; count thc number of
unsatisfied incqualities, ctc.

-84~

The NMSPOM and NIISHSS programs arc olso canable to handle a vory genoral
typc of metric, more general than those of [ruskal (vho requires r 2 5
R = 1/r) and morc general than Guttman (who uscs ecuclidean norms in his
programs, although his thecoretical discussion covirs a much more genceral
class of pscudo-metrics). From an incrcasing number of studies it appears,
however, thrt the size of r does not considerably affect the final
configuration, although the values of the goodness of fit coefficients
may differ. A comparison of stresses with different veluos of r, as is
done by Kruskal (1964a) and Wender (1968) for examplo, presupposce that
the sampling distributions ire independent of r. Morcover we already

know by Jeuscil's thecorem, which states that

1/r

P
F(r) = > K.y - X. r (1)
ear] ’ ik Jk’ /

(with r ;} 1) is an incrcasing function of r, that the distances are
measured on a diefferent scale. The NMSEMS program cssentially concontra-—
tos on the cuclidean casc, because this is tho only case in which natrix
theory and cigenvolue machinery can be used,

-8.5-

Even if r # 2 the NHSEMS solution gives a very good initial configuration,

As mentioned in chapter IT, it is a generalizationof Guttmon's initial
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configuration. Of coursc it is related to the initial configurntion used
for example by Gleason, who correlates rows or columns of proximity
matrices and solves for the cigenvectors and eigenvalues of the
resulting correlationmatrix. Moreover it is related to the initiaol
configuration used in ths Young-Torgerson program and in NMSALS. The
better the starting point, the less chance of arriving at a local minimum.
In this respect an automatic application of the Kruskal program, starting
with an erbitrary configuration, may be quite dangerous. It mcans that
it is »probably a long way to the minimum, ~nd there may be some valleys
on that way. With NMSMSS, simplex method, the situition is more
complicated, becausc we start with nn+l different configurations. It mey
prove 1o be rewarding however to include o NMSHEMA solution as onc of
theseo, and even to create the othor ap configurations by superimposing
random noise on the NMSFIS—solution. This is - wrtter for further in-
vestigation.

-8,6-

The NMSHUSS-program is the most general program available, because it

can minimize either p19 Pg9 ¢)17 q)zy and 7V, As a consequence the
computer time used ig considerably greatoer as the time used for NMSPOH.
Because NiFSPOM accepts a much more greater generality of data than +he
Kruskal or Guttman-~Lingoss programs, it takes much more time. Trom a
practical point of view (cos 8, rosults) the ontimal rule seems to bes
if the Kruskal and Guttmon~Lingoes wmregrams can be anplied at all
(without irresponsible use of tho data) they must be vreferred to NISMSS
on¢ NMSPOM. If the data are partial order (possibly even inconsisteny),
or if a simultancous analysis for a group of subjects must be carried
out, use NMSPOM. If a trivial solution arises, try MI3MSS. “Hith NMSELS
the advice is somewhat more difficult. The computer timc uscd is only

2 timy fraction of the time usocd by the other programs, the solution ig
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in gencral not less satisfactory. Trivial solutions are impossible, eben
the distance between the clusters is regulated automatically and cannot
be made arbitrary large. Although = NMSEM3 solution is in general the
least satisfactory in terms of the number of violated inecualitics, from
a dats reduction point of view it is supcrior to 211 other algorithms,
especially when 2 set of subjects iz znalyzed at the same time.

-8,7~
For NMSEMS therc is a clear-cut rule for the maximum number of dimensions,
although that rule most certoinly not be terated as a substitute for a
statisticsl tost. For the other cocfficients we can only hope that in the
future each experienced investigator will build up some 'subjective!
sampling distribution, that tells him when to be satisfied and when not.
Sampling expcriments such as those of Young (1968) may be a great help.
-0,8-
A conceptual advantage of NMSPOM and NMSMSS‘is the fact that the minimi-
zation 1s a single process. Kruskal's and Guttman's processes arc ossen—
tially two-phase processes: cach iteration consists of the computation
A *
of @ or d (first least squarcs process), and the taking of a gradient
) , A
step (second process). Kruskal's d con be written as an explicit (although
not differentiable) function of d (Van Eeden 1958). Nevertheless Jruskal's
. N
differentiating implies that he takes the d; as temporary constants. At
each iterstion he differentintes a different function. A convergcnce
proof is unlikely. Guttman distinguishes the two phascs much more clearly
and even uses two indices to indicate iteration numbers. In the NLSPOI-
casc we have a single process; beceuse ltl is a relatively simple
function of t, and we are surc of convergence to at lecast a local min‘mum
1f we use the optimum gradient method (Curry 1944). In the two-phase
algorithms we are not quite sure about the offects of the interactions
of the two processes. The ALS-algorithms find non-iteratively the

cbsolute minimum at each phase. Nevertheless they diverge as algorithms
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for minimizing normed coefficients as Kruskal's stress, Guttman's
nomalized (> g and our rusu The effect of norming the counfiguration on
the coavergence of two-rhase algorithms is not clear at all. Lack of
convergence of NHSALS may cven be duc to noriing. There is ovidence that
without norming ALS-algorithms coaverge to the —roper solution if the
system of inequalitiius is consistent. If the system in inconsistent
then they converge to the solution with tm = 0 for all m, and the more

inconsistent the systein is, the faster this takes place.
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93 NUMERICAL EXAMPLES

-9ol-

The first examples are taken from analyses with the MMSALS-series of
programs that use the dJe algorithm., We constructed an arificial cxample
of ten points in two dimensions. Distance function (Si,j = é— d?j . In
figure IX the value of stress is portraycd as a function of iteration
number, In figure X we have indicated the movements of the points from
the first iteration to their final position (40.bh iteration) by arrows.
In figure LIa énd b the value's of the recovered distances in the sth

iteration d( 5) are plotted against the true distances dij’ For camparison

purposes we have drawn in the curve d( ) Z d.. that gives the relation

13
of 8 d to dij’ The data distinctly indicate (as do similar data
oo
on examples in which zcro stress can be reached) that dg. ) = lim dgi)
S 00
d. . if there is a sufficient number of points. A sccond example with

1J

real-world data shows the non-convergence of NMSALS-algorithms as
algorithms for minimizing normalized coefficicnts. Data (collected by
Leo J. Th. Van Der XKamp) consisted of a symmetric nroximity matrix of
dissimilarities between nine Dutch political parties. The lower diagonal
part of this matrix is given in table XII. Forty itcrations were
performed, both in onc and two dimensions. The development of stress

is sketched in figure XIII. The arrows indicate on which iteration the
lowest valuc was reached. The final configuration is shown in figure
XIV. Figure XV shows the way stress decrcases with a 'trivial' solution.

A+ Xg

s st

In table XVI for some values of s the values of stress and

tracce

arc shown. The solution was obtained by the program for the conditional
case and is shown in table XVII.
-0 4 2=

The sociogram in table XVIII was obtained by defining Sij = 1 iff
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subject i knew the first rname of subject j. Otherwise S:ij = 0. The
data consist of 292 inequalities. In figure XIX we have plotted the two
best dimensions according to the NMSEMS solution. In table XX we have
given eigeuvalues fA for the sucessive dimensions. The values of {ﬁi
]
and q>1 arc computed by using cumulative distances. Obsgcerve that thic
data set would give rise to a trivial solution if NMSPOM was used, that
it would give risc to a much more valuable and constrained NMSEMS
solution if subject 8 was ignored and that a NMSMSS solution would
almost ceretinly be sunerior to all other solutions if subject © i<
included. In table XXI a conditional proximity matrix is given with
dissimilarities between Dutch political parties. Ihoy woere ohtained
by summing the ning similarity renk-orders (cach party &s standard once
of eleven subjects. The NMSEMS result is given in figurc XXII, the R
and cumulative (qis and dPi in table XXIII. The number of inequnlitisc
was 250,
-9 3=
The same political example used in the previous section was analyzed
by NMSPOM in several ways. In figure XZIV the optimal solution with

r =2, p=21is given. In the case of r = 1, starting with an arbitrary

configuration ((1(1) e 554443, d)(l) = .528), the program used 1- = .7
1, ) N

. . - ' '\/
iterations and t = 2,31 minutes to reach convergence criterih and [0
il 1)
»000327, 4>§ ) = .096. For r = 2 the corrcsponsing figurecs wores T’f*/
L

.559160, (E)gl) = .544, kX = 34, t = 2.14 minutes P<k> = .0000C5,
&ng) = 048, For r = 3 we have ﬂ(l) «555447, d?( Y = DALy s Ay
t = 3.00 minutes, (ﬁgk) = .000031, dD(kJ = 060, The three confipirati
were almost identicol, the minimum Q)imln) reachrd while iterating warn
equal to .056 for r = 1, to .032 for r = 2, and to .055 for r = 3., -

nine distance functions for r = 2 are given in figure XXVa-i. The (g)

3 plots showing the relaticns of the three difforent sots of distancoys
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in figure XXVIa~c, the plot of the distances of the NMSEMS solution
against the MMSPOM solution with r = 1 and r = 2 respcectively in figure
XXVIIa,b.

e By P

At this timc the results with the simplex algorithm for NISMSS in
minimizing 4)1 are Tar from impressing. We analyzed the same oxarplo

a8 in the previous section with N = 250, r = 2, » = 2, and we¢ alrcady
know that (ﬁgmin) :; 2032, The simplex howcver lancs on a platform

much too soon, as ciin be ssen from the results of some different runs

(using random initial configurations and somewhat different iteralion

naramcters cach run). In the first run séi) = 040153, yéi; = 008,
yéig = 412 and after k = 95 iterations and t = 13.30 minutes 5£K>
1~
»000001, y(&) = +140 and y(g) = 136, For the second run S<1) = 040925,
max min Ve
(1) (1) " utos, s (%)
Yo = 632, Vpin = 404, & = 61, t = 13.17 minutes, sy = Oy T =
(x) _ . . . e
Vmin = «148. In the third run the simplex landed on a step with Y oasr =
Yinin = .156 after 12.83 minutes and 66 itorations. A4 final run pruduced

d)l =.288 after 76 iterations. This is rather sad and we do not want <o
! in
end this report without mentioned”some research currently in premaraticn

which may give a more satisfactory NMSLSS solution. Define

) Z (4l - 1) -
VAT E -

e have shown that (scction 5.9)

Lin £(q) = O, (2

a0 {

f(q)

he
N

NMSPOM minimizes £(2), but by making q smeller and smaller £(q) aprroriic:
@1 and, of course,

lim min f(q) = min (’1)1 (2
a—> 0

The proposition is to choose q for cxemple .001 and minimize £(g). We h. -
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no idea about the optimal choice of q, whether this value can be used
directly or must be approxim~ted c.g. by halving q when min f(q) 4:

min £(2q). Morecover the possibility of making q very small depends on the

type of computer used. Of coursc minimigzin

—§f!ti!q sign(ti)

TE

g(q) =

is an cquivalent procedure, because in gencral

gla) =1 - 2f(q) (5)
and in particular
’T’A = lim g(q) = 1 - 2 lim f(q) = 1 - 2(§1 (6)
=20 q—>»0

Excluding trivial solutions may bc done by maximizing

h( ) 2 bi’ti]qsign(ti) ( )
a) = 7 T 7
. YZ b:'L Z)ti‘ 1

- with g very small, bccause
lim h(q) = 77 (8)
q—0

and using h(q) with q not very small does not make sense (still we have
no idea how small very swmell is). The trick is, of coursc, that Gbi,
o ’ '

7
{ I and | are discontinuous, non-differentiable step-functions, while
f(q), g(q) and h(q) remain differcntiable and continuous if a £0
although they become mors and more like step functions. Results of thesc

new investigations (if successful) will be reported in later papers.
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Joreskog, K.G.

Kendall 9 Mo Ga
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Jo Am. Statist. Ass., 1967, 62, 1140-1158

Lattice models of similarity
acta Psychologica, 1964, 23, 347 (abstrﬂct)

Hierarchical clustering schemes

Psychometrika, 1967, 32, 241-254

pome contributions to maximum likelihood
factor analysis
Psychometrika, 1967, 32, 443-482

Rank correlation methods

London, Griffin, 1963

Rational distance functions for multidimensional
scaling

Michigan Mathematival FPsychology Program; IMMPP66-3
A survey of mecasuremont theery

Michigan Mathematical Psychology Program MMPPOT-4
Multidimensional scaling by optimizing goodness of

fit to an nonmetric hypotheses
Psychonetrika, 1964, 29, 1-27 (a)

Nonmeteic multidimensional scaling: a numerical

method
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The multivariate analysis of qualitative data
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Lingoes, J.C, & Uu‘b‘bman, L. Nonmetric factor analysis: a rank

Luce, R.D.

McGee, V.E,

McGeey, V,.E,

lcGee, V.E.

reducing alternative to linear factro analysis

Multivariate behavioural research, 1967, 2, 485-505

A choice theory analysis of similarity judgments
Poychometrika, 1961, 20, 151-163

The multidimensional analysis of 'clastic!
distances

Brit. J. Math. Statist. Psychol., 1966, 19, 131-195

£ reply to some criticisms of elastic multidimeon-
sional scaling
Brit., J. Math. Statist. Psychol., 1967, 20, 24% -7

kultidimensional scaling of N scts of similarity
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approach
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Nelder, J.A. & Yead, ii. A simplex method for functior minimi-
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Computer j., 1964, 7, 155-161
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Arn autom: tic mcthod of finding the greatest or
least value of » function

Computer J., 1960, 3, 175-

A generaligation of the interpoint distance mode.

Psvchometrika 1064 9250 147 19K
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model relating generalization to distnace in
psychological spnace

Psychometrika, 1957, 22, 325--345
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4L Fortron Iv program for nonmetric multidimensional
scaling
The L.L. Thurstone vsychometric laboratoty,

Univ. of North “arolinas, Tech. Rep. No 56, 1968 (2)
9 2

BORSCA-9: An IBM 360/75 PORT+AN IV program rfor
nonmetric multidimensional scnling

Journal of merketing rescarch, 1968, 5 (b)

TORSCA-9: a FORTRAN IV program for nonmctric
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Nonmetric multidimensional scaling: dcvelopment
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n 1 Mo 3 N_
1 63,3600 45.6359 42,2761 52
2 136,2813 T4.6515 15.4814 164
3 288.9875 32,7266 16,4776 101
4 225.1909 42,9258 2.3513 121
5 143.4240 51.1973 36,4876 19
6 145.7715 67.0146 48,3260 106
7 146.5766 87.9850 17.9323 106
8 184.6664 | 118.0972 20.8070 142
9 171.2913 | 105.4877 55.4907 87
10 172.3293 | 143.1977 1.0462 129
15 398.8083 2.1938 0.0749 132
20 449.6423 7.9416 0.0210 138
22 357.6350 0.0026 0.0000 122
table I

figure II




table VI & VII
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*q ¢1 ¢2 Fl ’E
0 « 4000 .8571 . 6420 1.7931
1 <4667 1.6867 «5455 1.2000
2 « 4000 .8571 . 5610 1.2778
3 . 4000 .3571 4378 9524
4 - 4000 .3571 4494 .8163
5 23333 .5556 «2375 +3113
6 . 2667 . 4000 .0787 .0854
7 »1333 .1818 .,0172 L0175
8 0667 .0769 .0062 .0063
9 0667 0714 .0045 .0045
10 05867 0714 .0033 .0033
table III
(ti‘ Vi Wl Zi 01 C1Li Ci
3 009 020 015 "‘lll "006 005
4 .16 .20 <20 -.04 | ~,04 »00
7 .49 « 20 «35 <29 «14 | =.15
5 <25 .20 .25 .05 .00 | -.05
1 .01 .20 .05 —.19 | -.04 .15
table IV
0 By 1 + Dn2 Dnl+n2 = Djp =990
0 10 990 .000
1 9 630 . 603
2 8 379 .786
3 7 213 .888
4 6 120 2937
5 5 90 0953
Dnl+n2 = DQO = 17955
0 20 17955 .000
1 19 14535 <436
2 18 11629 <594
3 17 G133 . 699
4 16 7155 176
5 15 5505 .833
&5 14 4200 .875
T 13 3213 .908
8 12 2523 927
9 11 2115 .939
10 10 1980 «943
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signs of elements vector t rz ¢1 & ‘ﬂﬂ M T x

: +1 +1 +1 +1 +1 .00 .00 .00 .00 20 1.00 20,00
-1  +1 +1 +1 +1 .09 .20 «15 11 14 .60 23.33
+1 =1 +1 +1  +1 .16 <20 « 20 04 12 .60 | 20.00
+1 +1 -1 +1 +1 .49 .20 .35 029 6 .60 10.00
+1  +1  +1 -1 +1 .25 « 20 .25 05| 10 60 | 16,67
+1 +1 +1 +1 -1 .01 « 20 .05 .19 18 . 60 30,00
-1 -1 +1 +1 +1 « 25 .40 035 .15 6 « 20 30,00
-1 +1 -1 +1 +1 .56 « 40 .50 .18 0 + 20 0,00
-1 +1 +1 ~1 +1 « 34 .40 40 .06 4 « 20 20.00
-1 +1 +1 +1 -1 .10 « 40 « 20 « 30 12 « 20 60.00
+1 -1 -1 +1 +1 .65 .40 .55 025 -2 .20 {-10.00
+1 -1 +1 -1+ 41 .40 «45 .01 2 .20 10.00
+1 -1 +1 +1 -1 .17 - 40 025 023 10 0 20 50,00
+1  +1 -1 <=1 +1 .74 .40 .60 34| -4 .20 |=20.00
+1 +1 -1 +1 -1 - 50 - 40 <40 .10 4 .20 20,00
+1 +1 +1 -1 ~1. « 26 .40 .30 14 8 « 20 40.00
-1 -1 -1 +1 +1 T4 .60 .70 .14 | -8 ~.20 40.00
-1 -1 +1 -1 +1 - 50 .60 .60 .10 -4 | =.20 20,00
-1 -1 +1 +1 -1 .26 .60 « 40 .34 4 ~020 }-20.00

> -1 +1 -1 -1 +1 .83 .60 «T15 .23 | =10 -+ 20 50,00
-1 +1 -1 +1 -1 .59 .60 .55 011 -2 | =20 10.00
~1 +1 +1 -1 -1 «35 .60 045 025 2 -,20 1-10.00

" +1 -1 -1 -1 +1 .90 .50 .80 .30 ~12 -, 20 60,00
+1 -1 -1 +4 -1 . 66 .50 .60 .06 -4 | =420 20,00
+1 -1 +1 -1 -1 42 .60 + 50 .18 0 -4 20 0.00
+1 +1 -1 -1 -1 e 15 .60 .65 .15 -6 |-.20 30.00
e A -1 -1 +1 .99 .80 .95 .15 {-18 —-.60 30,00
-1 -1 -1 +1 -1 .75 .80 o715 .05 =10 -.60 16,67
-1 -1 +1 -1 -1 <51 .80 .65 029 | =6 [-.60 10.00
-1 +1 -1 -1 -1 .84 .80 .30 04 =12 -.60 20,00
+1 -1 -1 -1 -1 .91 .80 .85 211 =14 }-.60 23,33
-1 -1 -1 -1 -1 1.00 1.00 1.00 .00 |~20 +1.00 20,00

table V
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table XII

figure XTIII
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B.P
b g
V.V.D
§ i i T}
hs
S.G.P.
AR:P > X
CHH. K VP Pv.d.A.
figure XIV
\x
figure XV

I 11
1 1.6034 -0.3076
2 1.5061 -0.3090
3 1.60753 ~-0.0390
4 1.5453 ~0.0790 n Stress Perc.
5 1.5811 -0.2683 - 3459 .80
&) 1.4933 0.3530 « 3407 53
T 1.4982 0.3534 10 0668 .99
8 1.4986 0.3536 20 .0555 .99
9 F12.4389 -0.0073 30 .0555 1.00

table XVII table XVI
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table XX

tible XVIII

| 2 X
N N (X o x X
#{ N - O—‘ -
x N
X ~% i
X

-

_4_

-

.ﬁ_

figure XiX

-

M l o, |
1 63,3600 0.0006 0,2260 1000111012000
2 45,6359 0.0049 0.1781 111111101111
3 42,2761 0.0026 0.1301| T 1012000000000
4 30.4394 | 0.0041 0.0925 0101212001100
5 27.1461 |  0.0030 | 0.0616| T 100111001001
6 10,9503 | 0.0027 | 0.0548 110011101010
7 -00,0000 0.0027 0.0548 | 4 110011100000
3 ~13.28156 0.,0027 0.0377 01000001°0,000
91 -36.6037 | 0.0018 | 0.068%p° 1101110021200
10 -49.8132 0.0484 0.1918 | T 110000201100
11 -56,5322 0.,2127 0.4041 1111210012010
12 -63.5775 0.6632 | 0.56336 110010001011
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4
+
13 » BP
C.PN. T
t — VI
: AR. T
RSP - AR :
Rv..A. . cHuy. SGR
KVP
| figure XXII
pvaa 11 38 90 86 40 54 66 34 76
PSP 33 11 87 83 31 60 66 49 175
BP 79 83 11 36 83 53 56 61 33 :
sgp 76 90 48 11 92 35 33 55 55 1 63.7758 0.0018 0,0720
CPN 30 31 88 91 11 58 GB8 49 69 2 21.1703 0.0042 0.0800
AR 62 80 T3 A5 94 11 28 44 54 3 9.3872 0.0064 0.0720
cuy 74 85 65 54 94 28 11 46 42 4 2,4913 0,0056 0.0560
xvP 39 76 83 71 81 33 47 11 54 5 0,0000 0.0056 0.0560
vvD 715 83 49 53 96 44 30 54 11 6 |- 4.5008 0.0049 0.0520
7 |-21.5820 0.0107 0.,1000
table XXI 8 1-32.9345 0.0793 0. 1960
9 |-42.8071 0.2583 0.3760

1

table XXITII
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figure XXV
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figure XXV









