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1. Model

Consider the mixed linear model

(1.1) η = Xβ + Zδ + ε.
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Here δ and ε are centered and uncorrelated random vectors, independent
of each other. Vectors η and ε have n elements, the matrix X has n rows
and m columns, and the matrix Z has n rows and p columns. The fixed
(i.e. non-random) vector β has m elements, and the random vector δ has p
elements.

Observe that we follow the convention of underlining random variables
Hemelrijk [1966]. Other conventions are to use capitals for matrices, and
Greek letters for unobserved quantities, which are either fixed (parameters)
or random (outcomes, random parameters, error-terms). The only observ-
ables in model (??) are the matrices X and Z. The vector β contains unknown
parameters, and random variables are always unobserved.

Other unknown parameters that interest us are the dispersion matrices

V (δ) ∆
= Ω,(1.2)

V (ε) ∆
= Γ.(1.3)

Then

E (η) = Xβ,(1.4)

V (η) = ZΩZ′ + Γ
∆
= Λ.(1.5)

Throughout the paper we are not interested in modelling the higher-order
moments, or any other aspect of the distribution, of η. We only model ex-
pected values and dispersions. This could be interpreted as us having the
multivariate normal in the back of our minds. And, indeed, that is exactly
where we have the multivariate normal.

We use a |= α for “a is a realization of α.” Finally a=̂α means “a estimates
α”. We leave the interpretation of both relations unspecified. Some natural
ways to combine notation is to write α̂ for an estimate of α. This means that
Greek symbols with hats are always defined in terms of observed quantities.
We can also have α̂, which is a random variable (unobserved) estimating
another random variable α, also unobserved.
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To connect our model (??) to observed values of the outcome, we need to
assume

y |= η

but we won’t tell you what this means.

Our notational apparatus may seem to be unnecessarily elaborate, but we
think that it is essential to keep the distinction between random variables
and their realizations in mind all the time. In many statistics papers calcu-
lations are only on random variables, which means that actual observations
and statistics are left on the sidelines.

The Dutch Convention, i.e. the use of underlining, may be a bit confusing at
first, because in other publications underlining is used to distinguish vectors
from scalars. In most situations that we are aware of, however, there is no
real need to emphasize the distinction between scalars and vectors. Distin-
guishing random variables from fixed quantities is very useful, because it
shows immediately if a particular formula is used in the model context, or if
it is used for actual computations. Any expression which contains an under-
lined symbol is necessarily part of the model. It does not refer to the actual
data or experiment, but to a hypothetical framework (either frequentist or
Bayesian). Any expression without underlined symbols can be potentially
be used for computation, although it can only be used for actual compu-
tation if it does not contain any Greek symbols either (or if all the Greeks
have hats). Of course in most statistics papers it is usually clear from the
context if the author is talking about the model or about the data, but it does
not hurt to be explicit.

The model in which the matrices Ω and Γ are not restricted any further
have far too many parameters. Thus we are typically interested in models
in which there are restrictions on these matrices. A very common one, for
instance, is Γ = σ2C, with C a known positive definite matrix, but we shall
encounter various other ones.
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2. Problem

The problem we study in this paper is estimating the unknown parameters
β,Ω,Γ, and the unknown random variables δ, ε. There is nothing really new
in the paper, except our emphasis. We try to steer away as far as possible
from probabilistic assumptions, by taking the approach that we are fitting a
model to the means and variances. This does not leave much room for infer-
ence, which is fine. Secondly, we derive augmentation algorithms in a com-
pletely algorithmic way, without using probabilistic notions. This makes
our derivations look different from the usual EM-based ones. Thirdly, our
matrix calculations, including the ones in the Appendix are very explicit
and complete. They systematically use the singular value decomposition,
and not the Schur complement, for instance. This also makes them slightly
different from the usual ones. Finally, we put our money where our mouth
is, and give actual LISP-STAT programs for the algorithms discussed in this
paper.

Our starting point in model fitting is the simple case in which Λ is a known
positive definite matrix G. In that case the usual estimate of β,which is both
the weighted least squares estimate and the maximum likelihood estimate,
is

(2.1) β̂ = (X′GX)−1X′G−1y.

Clearly

β̂=̂(X′G−1X)−1X′G−1E (η) = β,(2.2a)

β̂ |= β̂
∆
= β + (X′G−1X)−1X′G−1{Zδ + ε},(2.2b)

and

E (β̂) = β,(2.2c)

V (β̂) = (X′G−1X)−1.(2.2d)

As we indicated above, the model with Ω and Γ unrestricted has too many
parameters for actual data analysis, but the model with Λ completely known
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does not have enough. There simply is not that much prior knowledge. We
need something intermediate in most practical cases.

One easy compromise is to suppose Γ = σ2C and Ω = σ2W, with C and W
known, andσ2 unknown. Thus Λ = σ2G,where G = ZWZ′+C. Throughout
we suppose C > 0, which implies G > 0. The classical estimate of β is still
given by (2.1), but

V (β̂) = σ2(X′G−1X)−1.

In this case, consequently, we also want to estimate σ2. This is typically
done by defining the residuals

r ∆
= y − Xβ̂ |= ρ

∆
=(In − X(X′G−1X)−1X′G−1){Zδ + ε},

and the residual sum of squares

r′G−1r |= ρ′G−1ρ.

We have

V (ρ) = σ2{G − X(X′G−1X)−1X′},E (ρ′G−1ρ) = σ2(n − m),

which makes it straightforward to define

σ̂2 ∆
=

r′G−1r
n − m

.

Also

σ̂2(X′G−1X)−1=̂V (β̂).

Unfortunately, the situation in which we have only one single unknown
dispersion parameter σ2 is also too restricted in many situations.

If Λ is only partially known, then we have to estimate the unknown part in
some way or another. This gives

Λ̂ = ZΩ̂Z′ + Γ̂.

We then use

β̂ = (X′Λ̂−1X)−1X′Λ̂−1y.blue2

The various methods for mixed model estimation differ in the way they
compute Λ̂, but they all use (??). Of course (??) is no longer true, which
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makes the statistical stability analysis of the estimates (much) more com-
plicated. The only thing that is still true, formally, is

β̂=̂(X′Λ−1X)−1X′Λ−1E (η) = β,

but this does not mean much, because we have not specified precisely what
=̂ means. For extensive overviews of the various different algorithms we re-
fer to the review papers Searle [1971a], Harville [1977], Henderson [1984],
Engel [1990], or to the books by Searle Searle [1971b], Searle et al. [1992]
and Rao and Kleffe Rao and Kleffe [1988].

3. The BLUE, the BLUP, and theMME

In this section we review some theory which applies to the case in which Λ

is known. As we have said, this does not really occur in practice, but much
of the statistical computation is motivated by these results anyway. We first
estimate Λ, and then we act as if Λ is known (and eqaul to the estimate).

Without using normality or esoteric assumptionsd like that, we get on our
way by using the Gauss-Laplace-Markov theory of linear estimation. Let
us estimate β by using a linear function of the form A′y. Clearly A′y |= A′η.
Choose A in such a way that cond

E (A′η) = β, cond1V (A′η) is minimal.cond2

Any A satisfying (??) and (??) defines a best linear unbiased estimate β̂ =

Ay, also known as a BLUE. The minimal in (??) is meant in the Loewner
sense, of course, i.e. for two square symmetric matrices A and B we have
A ≥ B if A − B is positive semi-definite, and A > B if A − B is positive
definite.

Theorem 3.1. If A = Λ−1X(X′Λ−1X)−1 then Ay is BLUE.

Proof. From (??) we must have A′Xβ = β, i.e. A′X = I. Also

V (A′η) = A′V (η)A = A′ΛA.

Define the matrix
T =

(
Λ1/2A | Λ−1/2X.
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Then

T ′T =
(
A′ΛAIIX′Λ−1X.

Because T ′T ≥ 0, we must have,

A′ΛA − (X′Λ−1X)−1 ≥ 0.

For the A mentioned in the Theorem, we have equality, and the lower bound
is attained. �

If we want to estimate the random parameters of the model, things become
a bit more complicated. In the first place the concept of “estimating” a
random variable should be defined carefully. The concept corresponding to
the BLUE is the BLUP, or best linear unbiased prediction. The name is due
to Goldberger Goldberger [1962], and the silly acronym BLUP has been in
use since the seventies Robinson [1991].

Let us find the BLUP of δ. The idea is simply to measure prediction error
by pred

E ((Aη + b − δ)(Aη + b − δ)′), pred1

and to choose A and b such that this is minimized, on the condition that

E (Aη + b − δ) = 0.pred2

The BLUP of ε is defined in the same way.

Theorem: The BLUPS of δ and ε are given by

δ̂ = (Ω−1 + Z′Γ−1Z)−1Z′Γ−1(η − Xβ), ε̂ = (I − Z(Ω−1 + Z′Γ−1Z)−1Z′Γ−1)(η − Xβ).

Proof: From (??) we obtain b = −AXβ. Now for (??) this gives

AΛA′ + Ω − AZΩ −ΩZ′A′ ≥ Ω −ΩZ′Λ−1ZΩ,

with equality for

Â = ΩZ′Λ−1,

i.e.

δ̂ = ΩZ′Λ−1(η − Xβ).
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In the same way the BLUP of ε is computed from

AΛA′ + Γ − AΓ − ΓA′ ≥ Γ − ΓΛ−1Γ,

with equality for

Â = ΓΛ−1.

Thus

ε̂ = ΓΛ−1(η − Xβ).

We can eliminate Λ−1 by using the results in the Appendix. This gives the
formulas in the Theorem. Q.E.D.

Observe that indeed

η = Xβ + Zδ̂ + ε̂.yes

The calculations are, of course, completely within the model. The next step
is to definebp

δ̂ = (Ω̂−1 + Z′Γ̂−1Z)−1Z′Γ̂−1(y − Xβ̂), bp1ε̂ = (I − Z(Ω̂−1 + Z′Γ̂−1Z)−1Z′Γ̂−1)(y − Xβ̂).bp2

Thenqp

δ̂=̂(Ω−1 + Z′Γ−1Z)−1Z′Γ−1(y − Xβ) |= δ̂, qp1ε̂=̂(I − Z(Ω−1 + Z′Γ−1Z)−1Z′Γ−1)(y − Xβ) |= ε̂.qp2

It is actually possible to derive a slightly more pleasing form for these esti-
mated BLUPS. Let

W ∆
= Γ−1 − Γ−1X(X′Γ−1X)−1Γ−1.

rpTheorem:

δ̂ = (Ω̂−1 + Z′ŴZ)−1Z′Ŵy, rp1ε̂ = Γ̂(Λ̂−1 − Λ̂−1X(X′Λ̂−1X)−1X′Λ̂−1)yrp2

Proof: Just substitute the BLUE in (??) and simplify. Q.E.D.

Observe that from (??) we see that X′Γ̂−1ε̂ = 0, which is nice. Also, analo-
gous to (??), we still have

y = Xβ̂ + Zδ̂ + ε̂.
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It is also possible to derive BLUE and BLUP in a single swoop. For this
we use the Henderson’s mixed model equations Henderson [1950], i.e. the
least squares solutions to the system Cγ = z, where

C =
(
Γ̂−1/2XΓ̂−1/2Z0Ω̂−1/2, z =

(
Γ̂−1/2y0, γ = (βδ.

The MME are reviewed extensively in a recent paper by Robinson Robinson
[1991], and they also appear prominently throughout Searle’s new book
Searle et al. [1992]. Of course the normal equations are(

X′Γ̂−1XX′Γ̂−1ZZ′Γ̂−1XΩ̂−1 + Z′Γ̂−1Z
(
βδ =

(
X′Γ̂−1yZ′Γ̂−1y.

Solving the normal equations can be done in two steps. We first solve for β
in terms of δ, and vice versa. This gives

β̂ = (X′Γ̂−1X)−1X′Γ̂−1(y − Zδ̂), δ̂ = (Ω̂−1 + Z′Γ̂−1Z)−1Z′Γ̂−1(y − Xβ̂).

Now substitute, and simplify. This gives, after some work,

β̂ = (X′Λ̂−1X)−1X′Λ̂−1y,

which is the BLUE, and

δ = (Ω̂−1 + Z′ŴZ)−1Z′Ŵy,

which is the BLUP.

4. Deviance of the Data

The deviance (i.e. twice the negative log-likelihood) of the observed y is
(except for uninteresting constants)

∆(β,Γ,Ω) = log | Λ | +(y − Xβ)′Λ−1(y − Xβ).ddev

We compute maximum likelihood estimates by minimizing this deviance
over all the unknown parameters. By minimizing over β for fixed Ω and Γ

we can also define the marginal deviance. The minimum over β is of course
attained by the BLUE.

Lemma 1:

(y − Xβ)′Λ−1(y − Xβ) = min
δ

(y − Xβ − Zδ)′Γ−1(y − Xβ − Zδ) + δ′Ω−1δ.
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Proof: The minimum over δ is attained at the BLUP

δ̂ = (Ω−1 + Z′Γ−1Z)−1Z′Γ−1(y − Xβ),

and substituting this gives the required result. Q.E.D.

Theorem 1:

∆(β,Ω,Γ) = log | Γ | + log | Ω | + log | Ω−1 + Z′Γ−1Z | + + min
δ

(y − Xβ − Zδ)′Γ−1(y − Xβ − Zδ) + δ′Ω−1δ.

Proof: We use the expression for the determinant from Lemma A1 in the
Appendix, and the result from the previous lemma. Q.E.D.

Corrolary: Suppose (β̂, δ̂) are the BLUE and BLUP, i.e. the solutions to
the MME. Then

∆?(Ω,Γ) = log | Γ | + log | Ω | + log | Ω−1 + Z′Γ−1Z | + + (y − Xβ̂ − Zδ̂)′Γ−1(y − Xβ̂ − Zδ̂) + δ̂′Ω−1δ̂.

5. Deviance of Residuals

Suppose K is any matrix satisfying K′X = 0 and rank(K) = n − rank(X).
Thus K is a basis for the null-space of X. Define ρ = K′η and r = K′y.
Clearly

r |= ρ ∼ N(0,K′ΛK),

and the distribution of ρ does not contain β any more. The deviance is

∆◦(Ω,Γ) = log | K′ΛK | +r′(K′ΛK)−1r.rdev

We compute REML estimates Patterson and Thomson [1971] by minimiz-
ing this deviance.

Lemma:

r′(K′ΛK)−1r = y′K(K′ΛK)−1K′y = min
β

(y − Xβ)′Λ−1(y − Xβ).

Proof: Obviously

min
β

(y − Xβ)′Λ−1(y − Xβ) = min
K′h=0

(y − h)′Λ−1(y − h).
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By using Lagrange multipliers ν this amounts to solving

Λ−1(y − h) = Kν,K′h = 0.

The solution to this system is

ν̂ = (K′ΛK)−1r, ĥ = y − ΛK(K′ΛK)−1r.

It follows that

min
K′h=0

(y − h)′Λ−1(y − h) = ν̂′KΛK′ν̂ = r′(K′ΛK)−1r.

Q.E.D.

Lemma:

log | K′ΛK |= log | K′ΓK | + log | Ω | + log | Ω−1 + Z′WZ | .

Proof: Obviously K′ΛK = K′ZΩZ′K + K′ΓK. Now apply Lemma A1 in
the Appendix. This gives

log | K′ΛK |= log | K′ΓK | + log | Ω | + log | Ω−1 + Z′K(K′ΓK)−1K′Z | .

Consider the matrix

T =
(
Γ1/2K(K′ΓK)−1/2 | Γ−1/2X(X′Γ−1X)−1/2.

Then T ′T = In, which implies

TT ′ = Γ1/2K(K′ΓK)−1K′Γ1/2 + Γ−1/2X(X′Γ−1X)−1X′Γ−1/2 = In.

It follows that

K(K′ΓK)−1K′ = Γ−1 − Γ−1X(X′Γ−1X)−1X′Γ−1 = W.

Q.E.D.

Corrolary: Suppose (β̂, δ̂) are the BLUE and BLUP, i.e. the solutions to
the MME. Then

∆◦(Ω,Γ) = log | K′ΓK | + log | Ω | + log | Ω−1 + Z′WZ | +(y − Xβ̂ − Zδ̂)′Γ−1(y − Xβ̂ − Zδ̂) + δ̂′Ω−1δ̂.
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6. Algorithm

The reductions and derivations in the previous sections have lead us to the
following two problems.

The problem of minimizing the data-deviance (the FIML problem) has been
shown to be equivalent to minimizing

∆?(Ω,Γ, β, δ) ∆
= log | Γ | + log | Ω | + log | Ω−1 + Z′Γ−1Z | + + (y − Xβ − Zδ)′Γ−1(y − Xβ − Zδ) + δ′Ω−1δ.

The problem of minimizing the residual-deviance (the REML problem)
amounts to minimizing

∆◦(Ω,Γ, β, δ) ∆
= log | K′ΓK | + log | Ω | + log | Ω−1 + Z′WZ | + + (y − Xβ − Zδ)′Γ−1(y − Xβ − Zδ) + δ′Ω−1δ.

This formulation suggests a simple iterative algorithm. We start with initial
estimates Ω(0) and Γ(0) satisfying the constraints. We then solve the MME
using these estimates, to find first estimates β(0) and δ(0). This is the same
thing as minimizing ∆?(Ω(0),Γ(0), β, δ) or ∆◦(Ω(0),Γ(0), β, δ). We then plug
these estimates of β and δ into the function and minimize these over Ω and
Γ satisfying the constraints to find updates for those quantities. Thus Ω(1)

and Γ(1) minimize ∆?(Ω,Γ, β(0), δ(0)) or ∆◦(Ω,Γ, β(0), δ(0)) over Ω ∈ W and
Γ ∈ C. General theorems on block relaxation de Leeuw [1993],Oberhofer
and Kmenta [1974] can be used to prove convergence of this procedure.

From the computational point of view, solving the MME is straightforward.
Engel summarizes much of the computational wisdom Engel [1990]. The
second subproblem, which calls for minimization over the variance and
covariance components, is less straightforward. To some extend the best
strategy will depend on the precise form of the restrictions. We first use
majorization to simplify the problem somewhat more.

Majorization Lemma: If X > 0 then

log | X | = min
Y>0

log | Y | + tr Y−1(X − Y),

with the unique minimum attained at Ŷ = X.
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Proof: In stead of giving a proof, we simply translate the result to statisti-
cal terminology. Suppose X is the sample covariance matrix. The lemma
then states that X is the maximum likelihood estimate of the population co-
variance matrix if we are sampling from a multinormal distribution. This is
classical. Q.E.D.

Let us now apply the Majorization Lemma to FIML estimation. We find

log | Ω−1 + Z′Γ−1Z |== min
Ω̃>0,Γ̃>0

log | Ω̃−1 + Z′Γ̃−1Z | +tr(Ω̃−1 + Z′Γ̃−1Z)−1(Ω−1 + Z′Γ−1Z) − p.

It follows that FIML estimates can be computed by minimizing

∆?(Ω,Γ, Ω̃, Γ̃, β, δ) ∆
={log | Γ | + log | Ω | + + log | Ω̃−1 + Z′Γ̃−1Z | +tr(Ω̃−1 + Z′Γ̃−1Z)−1(Ω−1 + Z′Γ−1Z) + (y − Xβ − Zδ)′Γ−1(y − Xβ − Zδ) + δ′Ω−1δ}.

Block-relaxation can be implemented in many ways if there are many blocks
of variables. We distinguish three subproblems. minimize ∆? over (β, δ) for
fixed (Ω,Γ) and (Ω̃, Γ̃). This is just solving the MME. minimize ∆? over
(Ω̃, Γ̃) for fixed (Ω,Γ) and (β, δ). By the Majorization Lemma the solution
is just (Ω,Γ). minimize ∆? over (Ω,Γ) for fixed (Ω̃, Γ̃) and (β, δ). This sub-
problem may still be problematic. For the complete algorithm we cycle
through the three subproblems. Again, there are various alternatives. We
can alternate subproblems (2) and (3) a number of times before we solve
another (1). We can even alternate (2) and (3) until convergence before we
solve another (1). Usually, however, we solve each subproblem in turn.

It will be clear that the corresponding majorization function for REML is

∆◦(Ω,Γ, Ω̃, Γ̃, β, δ) ∆
={log | K′ΓK | + log | Ω | + + log | Ω̃−1 + Z′W̃Z | + + tr(Ω̃−1 + Z′W̃Z)−1(Ω−1 + Z′WZ) + (y − Xβ − Zδ)′Γ−1(y − Xβ − Zδ) + δ′Ω−1δ}.

7. MultilevelModels

In a multilevel model we have G groups of observations. The model for
group g is

η
g

= Zgγg
+ εg.indmod

But we also have a group-level model, which is

γ
g

= Ugβ + δg.grpmod
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We assume that the δg and εg are all uncorrelated, and we set

V (εg) = σ2
gIg,V (δg) = Ξ.

By substituting (??) in (??) we find

η
g

= ZgUgβ + Zgδg + εg.sinmod

Let
η =

(
η

1
η

2

...η
G
, δ =

(
δ1δ2

...δG, X =

(
Z1U1Z2U2

...ZGUG.

Also, we use ⊕ for the direct sum, i.e. the direct sum of a number of matrices
is a supermatrix with these matrices as the diagonal submatrices, and zeroes
everywhere else. Let

Z = Z1 ⊕ Z2 ⊕ · · · ⊕ ZG.

Then
η = Xβ + Zδ + ε,

which is the mixed model we started with. But of course it has restrictions
on the dispersion matrices. They have to be of the form

Γ = σ2
1I1 ⊕ σ

2
2I2 ⊕ · · · ⊕ σ

2
GIG,Ω = Ξ ⊕ Ξ ⊕ · · · ⊕ Ξ︸             ︷︷             ︸

G times
.

Also, X is in the space spanned by the columns of Z. In fact, if

U =

(
U1U2

...Ug,

then X = ZU. This has important computational consequences.
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Appendix A. Matrix Results

In this appendix we collect some of the main matrix results needed in the
body of the paper. None of the results are entirely new. We systematically
use the singular value decomposition in our proofs, which makes it easy to
keep track of the singularities of the matrices, and which gives results that
may be somewhat more general than known results.

Suppose Λ = ZΩZ′ + Γ, as before, with Γ > 0 and Z an n × p matrix. Let
r ∆

= rank(Z) and Z̃ ∆
= Γ−1/2ZΩ1/2, and r ∆

= rank(Z̃). To avoid trivial notational
complications we assume that r > 0.Also suppose Z̃ = KΦL′ is the singular
value decomposition of Z̃. Thus K is n × r with K′K = Ir, L is p × r with
L′L = Ir, and Φ is r × r, diagonal and positive definite. Let

P ∆
= Z̃(Z̃′Z̃)+Z̃′ = KK′,Q ∆

=In − P.

Theorem Determinant: If Λ = ZΩZ′ + Γ, with Γ > 0 and Ω > 0, then

log | Λ |= log | Γ | + log | Ω | + log | Ω−1 + Z′Γ−1Z | .

If, in addition, Z is of full column rank, then

log | Λ |= log | Γ | + log | Z′Γ−1Z | + log | Ω + (Z′Γ−1Z)−1 | .

Proof: Clearly
Γ−1/2ΛΓ−1/2 = Z̃Z̃′ + In.a1

Also,
| Z̃Z̃′ + In |=| Z̃′Z̃ + Ip |,

and thus

log | Λ |= log | Γ | + log | Ip + Ω1/2Z′Γ−1ZΩ1/2 | .

If Ω is non-singular, this can be written as stated in the theorem.

On the other hand

Γ−1/2ΛΓ−1/2 = KΦ2K′ + In = K(Φ2 + Ir)K′ + Q,

which shows that

log | Λ |= log | Γ | + log | Φ2+Ir |= log | Γ | + log | Φ2 | + log | Ip+(Z̃′Z̃)+ | .
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If Ω is non-singular, then this simplifies to

log | Λ |= log | Γ | + log | Φ2 | − log | Ω | + log | Ω + (Z′Γ−1Z)+ | .

If Z is of full column rank then this simplifies to the second statement in the
theorem. Q.E.D.

Theorem Inverse: If Λ = ZΩZ′ + Γ, with Γ > 0,Ω > 0, and Z of full
column-rank, then

Λ−1 == Γ−1 − Γ−1Z(Ω−1 + Z′Γ−1Z)−1Z′Γ−1 == (Z′)+{Ω + (Z′Γ−1Z)−1}+Z+ + {Γ−1 − Γ−1Z(Z′Γ−1Z)−1Z′Γ−1}.

Proof: In the first place,

Γ1/2Λ−1Γ1/2 = (KΦ2K′ + In)−1.

We can easily verify, by direct multiplication, that

(KΦ2K′ + In)−1 = In − KΦ(Ir + Φ2)−1ΦK′.

Now use

Z̃ = Γ−1/2ZΩ1/2 = KΦL′,

to find

Λ−1 = Γ−1 − Γ−1ZΩ1/2L(Ir + Φ2)−1L′Ω1/2Z′Γ−1 == Γ−1 − Γ−1ZΩ1/2(LL′ + Ω1/2Z′Γ−1ZΩ1/2)+Ω1/2Z′Γ−1.

If Ω > 0 this becomes

Λ−1 = Γ−1 − Γ−1Z(Ω−1/2LL′Ω−1/2 + Z′Γ−1Z)+Z′Γ−1.

and if in addition Z̃ is of full column rank, then

Λ−1 = Γ−1 − Γ−1Z(Ω−1 + Z′Γ−1Z)−1Z′Γ−1.

We can also proceed along a different route. It starts with

Λ−1 = Γ−1/2{K(Φ2 + Ir)K′ + Q}−1Γ−1/2 == Γ−1/2K(Φ2 + Ir)−1K′Γ−1/2 + Γ−1/2QΓ−1/2 == (Ω1/2Z′)+{LL′ + (Ω1/2Z′Γ−1ZΩ1/2)+}+(ZΩ1/2)+ + +{Γ−1 − Γ−1ZΩ1/2(Ω1/2Z′Γ−1ZΩ1/2)+Ω1/2Z′Γ−1}.

This simplifies if Ω > 0 to

Λ−1 = (Z′)+{Ω1/2LL′Ω1/2 + (Z′Γ−1Z)+}+Z+ + {Γ−1 − Γ−1Z(Z′Γ−1Z)+Z′Γ−1}.

If you do not like the LL′ in these formulas, it can be replaced by

LL′ = Ω1/2Z′(ZΩZ′)+ZΩ1/2.
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If Z̃ is of full column rank, then finally we have the second result in the
theorem. Q.E.D.

The first identity in Theorem Inverse is a classical result of Duncan Duncan
[1944], recently discussed in the variance components context by De Hoog,
Speed, and Williams de Hoog et al. [1990]. The second identity general-
izes a result used heavily by Swamy Swamy [1971] in random coefficient
modeling.

Lemma A2: If A = B + TCT ′, with B > 0 and C > 0, then

y′A−1y = min
x
{(y − T x)′B−1(y − T x) + x′C−1x},

Proof: We actually proof a slightly more general result. We solve

min
x
{(y − T x)′D(y − T x) + x′Ex},

with D ≥ 0 and E ≥ 0. Clearly the minimum at attained for any x that solves
(T ′DT + E)x = T ′Dy. The minimum is equal to

y′[D − DT (T ′DT + E)+T D]y.

Thus we must have A = [D − DT (T ′DT + E)+T D]−1.
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