
MARGINAL REWEIGHTING
IN HOMOGENEITY ANALYSIS

JAN DE LEEUW AND VANESSA BEDDO

A. Homogeneity analysis, also known as multiple correspon-
dence analysis (MCA), can easily lead to outliers and horseshoe patterns
in the plots for the object scores. In this note we first generalize the
notion of homogeneity analysis. We then propose some alternative mea-
sures of homogeneity, which lead to algorithms that are computationally
very close to MCA. These measures lead to a simple reweighting of the
columns of the indicator matrix, and by choosing an appropriate weight-
ing we can control outliers and more evenly fill the space,

1. I

Suppose we have a finite domainΩ of n objects, and m categorical variables
φ j defined on Ω. Variables φ j has a finite range Γ j of k j elements. Thus

φ j : Ω→ Γ j.

Data can be collected in an n × m data-frame H, where hi j ∈ Γ j is defined
by hi j = φ j(ωi). We use K for the sum of the k j.

Variable φ j defines a partition of the n objects into the k j subsets

Ω j` = {ω ∈ Ω | φ j(ω) = γ j`},

where γ j1 · · · γ jk j are the elements of Γ j. Clearly there is a total of K such
subsets Ω j`, with j = 1, · · · ,m and ` = 1, · · · , k j.

Date: July 24, 2005.
2000 Mathematics Subject Classification. 62H25.
Key words and phrases. Multivariate Analysis, Correspondence Analysis.

1



2 JAN DE LEEUW AND VANESSA BEDDO

It is useful to allow for the possibility of missing data, which can be incor-
porated by allowing φ j to be defined only on a subset Ω j of Ω. In that case,
of course, ∪k j

`=1Ω jl ⊆ Ω and inclusion maybe strict.

2. H

A homogeneity analysis finds a map ξ : Ω → Rp of all objects in low-
dimensional Euclidean space Rp. The map ξ is chosen so that the represen-
tations ξ(Ω j`) of the K subsets are homogeneous, which generally means
relatively small and compact. In order words, points corresponding to ob-
jects in the same subset should be relatively close to each other. Or, more
specifically, the within-subset variation must be small relative to the total
variation.

If we have a measure of homogeneity, we can quantify how homogeneous
a particular low-dimensional representation of the objects is. And we can
construct algorithms to find the most homogeneous representation that is
possible. Actually, we will use measures of heterogeneity, and minimize
those, but that is just a computational detail.

If we only have a single variable we can always attain perfect homogeneity
by mapping each of the K subsets of the partition into a a single point.
Thus it is important to remember we compute a compromise solution. by
requiring that all variables simultaneously have representations which are as
homogeneous as possible, or, more specifically, that the total homogeneity
over all variables is maximized.

2.1. Size of a Point Set. There are many possible ways to define the size
of a point set in Rp. Some of them are discussed in De Leeuw [2003]. We
can use the diameter, the radius of the smallest circle containing all points,
the circumference of the convex hull, the length of the minimum spanning
tree, the sum of all distances, or the sum of all distances to the Weber point.
For this last measure, see De Leeuw and Michailidis [2004]; Michailides
and De Leeuw [2004].
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In this paper we study a class of quadratic measures of heterogeneity. They
have the major advantage that optimizing them generally leads to relatively
simple computations. Moreover one specific member of this class is the
homogeneity measure used in MCA [De Leeuw and Michailidis, 1999;
Michailidis and De Leeuw, 1998]. All measures are based on squared
within-set distances.

SupposeZ is a finite set of τ points in Rp. Consider the following measures
of heterogeneity of this point set.

(1) The sum of the squared distances of the τ points to their centroid
(i.e. their unweighted average).

(2) The average of the squared distances of the τ points to their centroid.
(3) The sum of the

(
τ
2

)
squared distances between the τ points.

(4) The average of the
(
τ
2

)
squared distances between the τ points.

If we write σ(Z) for the first measure, which we as the basis for compari-
son, because it is the one used in MCA. The second one is 1

τ
σ(Z), the third

one is τσ(Z) and the fourth one is 1
τ−1σ(Z) (we set the fourth one equal to

zero if τ = 1). The three measures are closely related, because they are all
of the form f (τ)σ(Z), for some function f on the natural numbers.

In an actual data analysis we use sums of K heterogeneity measures over
all subsets. This means that, no matter which of the three measure we use,
we use weighted sums of the σ-heterogeneity of the subsets. The weights
depend on the size of the subset. More specifically, the sums are of the form

m∑
j=1

k j∑
`=1

f (d j`)σ(Ω j`),

where d j` is the number of objects in category ` of variable j.

The weighted sum interpretation shows that if we use the sum of the squared
distances, with f (n) = n, then large point sets are penalized extra in measur-
ing heterogeneity. We especially want large point sets to be homogeneous.
If we use the average of the squared distances, with f (n) = (n − 1)−1, then
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we especially want small sets to be homogenous, and we do not care much
about the larger ones.

More generally, we can look at the family

σ f (Z) = f (τ)σ(Z)

which weighs σ(Z) with a non-negative function f depending on the num-
ber of points. By using increasing powers of τ for instance, we can put more
and more emphasis on the larger subsets, by using negative powers we pay
more and more attention to the smaller subsets. From a statistical point of
view it does make much sense to try to make small subsets homogeneous
and ignore the larger ones. That seems tantamount to encouraging chance
capitalization. Thus positive powers of τ are a priori more interesting.

3. IM  P F

Define the n × K indicator super-matrix G, which has as its columns the
indicator functions of the subsets O j`. It can be partiitoned as

G = (G1 | · · · | Gm),

where each G j is the n × k j indicator matrix of variable j. In each G j the
columns are orthogonal and add up to a column with all elements equal to
one (or, if there are missing data, to either zero or one). This is because
objects only map into at most one category of a variable.

3.1. Matrix Expression. Suppose g j` is column ` of indicator matrix G j,
and E j` is diag(g j`).

The sum of the within set squared distances between the points in category
` of variable j is

σ j`(X) = tr X′(E j` −
1

d j`
g j`g

′
j`)X
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We use the weighting function f (n) to define homogeneity. Let

E? =
m∑

j=1

k j∑
`=1

f (d j`)E j`,

P? =
m∑

j=1

k j∑
`=1

f (d j`)
d j`

g j`g
′
j`

The f -weighted heterogeneity over variables is

σ f (X) = tr X′(E? − P?)X

which we minimize under the condition that X′E?X = I and X′E?u = 0.
Or, equivalently, we maximize tr X′P?X over all X such that X′E?X = I
and X′E?u = 0. This leads to the generalized eigen-problem

(1) P?X = E?XΛ2

which can be solved by standard numerical linear algebra methods.

There are a number of reasons to choose the normalization X′E?X = I.
First, it guarantees that the eigenvalues are between zero and one. This fol-
lows from σ f ≥ 0, which implies P? . E? and thus E−1/2

? P?E−1/2
? . I. Sec-

ond, as in MCA, the dominant eigenvalue is equal to one and it corresponds
with an eigenvector proportional to u, which has all its elements equal one.
This follows directly from the fact that E?−P? is doubly-centered, and con-
sequently has a smallest eigenvalue equal to zero. The other eigenvectors x,
with eigenvalues less than one, satisfy u′E?x = 0.

3.2. Using the Singular Value Decomposition. The matrices E? and P?
are both of order n. This can be unpleasantly large, both in terms of storage
and in terms of computing the eigen decomposition.

Observe, however, that P? is of the form GD−1
? G′, where D? is a diagonal

matrix with the elements

d?j` = d j`/ f (d j`).



6 JAN DE LEEUW AND VANESSA BEDDO

It follows that we can alternatively solve the generalized singular value
problem

GY = E?XΛ,(2a)

G′X = D?YΛ,(2b)

or the (usually smaller) generalized eigenvalue problem

(3) C?Y = D?YΛ2,

where C? = G′E−1
? G, which is of order K.

This way of formulating the optimization problem can be used to construct
a more efficient algorithm in R, using the singular value decomposition. The
code is given in Appendix D.

It also leads directly to generalizations of the barycentric or centroid prin-
ciples familiar from MCA. We can rewrite (2) as

E−1
? GY = XΛ,

D−1
? G′X = YΛ,

In the same way (3) gives

D−1
? G′X̃ = YΛ2,

where X̃ = E−1
? GY , and (1) gives

E−1
? GỸ = XΛ2,

where Ỹ = D−1
? G′X.

The singular value formulation in (2) can also be used to derive alternating
least squares (or reciprocal averaging) algorithms to compute the solution.
The algorithm to update the current solution X(s) is

Y (s) = D−1
? G′X(s),

X̃(s+1) = E−1
? GY (s),

X(s+1) = orth(X̃(s+1)),
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where orth is an operator that orthonormalizes the current X such that
X′E?X = I. As in MCA, this algorithm allows us to only compute the
singular vectors we need, and to use the sparsity of G efficiently.

3.3. Profile Frequencies. The m variables, with k j categories each, give a
total of L =

∏m
j=1 k j possible profiles, where a profile is a binary vector of

length K coding a possible combination of categories. Thus the n rows of
G = (G1 | · · · | Gm) are profiles. Some profiles may occur more than once
in the data and many profiles will not occur at all because usually L >> n.
Instead of coding the data as an n × K indicator matrix, we can also code
the data as the L × K indicator matrix of all possible profiles, together with
a vector of profile frequencies. In most cases many of these frequencies
will be zero. Instead of mapping the n objects into Rp we now map the L
profiles into Rp, but we use a loss function that takes the profile frequencies
into account.

Collect the L profile frequencies in a diagonal matrix N. Then the weighted
sum of the squared distances of the objects in category ` of variable j to the
weighted centroid of the category is

σ jl(X) = tr X′(NE jl −
1

d jl
Ng j`g′j`N)X

where d j` = g′jlNg j`.

By the same reasoning as before, we see that

σ f (X) = tr X′(E? − P?)X,

where now

E? = N

 m∑
j=1

k j∑
`=1

f (d j`)E j`

 ,
P? = N

 m∑
j=1

k j∑
`=1

f (d jl`)
d j`

g j`g
′
j`

N,
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or

E? =

 m∑
j=1

k j∑
`=1

f (d j`)Ẽ j`

 ,
P? =

 m∑
j=1

k j∑
`=1

f (d jl`)
d j`

g̃ j`g̃
′
j`

 ,
where g̃ j` = Ng j` and Ẽ j` = diag(g̃ j`) = NE j`. Observe that E? and P? are
both of order L, but they have at most n non-zero rows and columns.

3.4. Pavings. With basically the same techniques and definitions we can
study pavings [De Leeuw, 2003]. A paving is simply a system of any K
subsets of a set Ω. The subsets can be used to define the columns of an
n × K binary matrix G, which is now not necessarily an indicator matrix of
m categorical variables. The same notions of homogeneity and weighting
apply to pavings.

4. S

4.1. Limiting Cases.

4.2. Singular Value Decomposition under Rescaling. We have demon-
strated that our reweighted MCA amounts to computing a singular value
decomposition of E−1/2

? GD−1/2
? .

5. G

5.1. Large Samples. Consider the situation where the rows of G are a ran-
dom sample from a discrete multivariate distribution. Now C = G′E−1

? G
has elements

c j` =

n∑
i=1

1
ei

g
i j

g
il
,

and thus

E(c j`) = π j`E(ei | gi j
= 1 ∧ g

il
= 1)
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5.2. The Multivariate Normal.

5.3. The Guttman Scale.

6. E

6.1. Multinormal. Take a sample of size 1000 from a four-variate standard
multinormal, with all correlations equal to 0.5. Solutions for f (n) = (n −
1)−1, f (n) = 1, f (n) = n, and f (n) = n2 are give in Figure 11.

6.2. GALO. The second example is the GALO example [Peschar, 1975].
It has data in 1290 sixth graders in the city of Groningen in 1959. Variables
are Gender, IQ, Teacher’s Advice on secondary education, and SES.

6.3. Senate. The third example are twenty votes in the US Senate. For
more details we refer to De Leeuw [in press]. The MCA solution is a fuzzy
horseshoe with democrats on one side and replublicans on the other. If we
weight the smaller marginals more, by using f (n) = (n − 1)−1, we see that
the horseshoe becomes more pronounced. If we go to f (n) = n or f (n) = n2

the horseshoe is broken up, and the data form four different clusters.

6.4. House.

6.5. Summary. If we compare the solutions, which both give horseshoes [Schriever,
1985; Rijckevorsel, 1987], we see that using f (n) = n either fills up or
breaks up the horseshoe. This is clearly because reweighting emphasize ho-
mogeneity of the middle categories, and does not pay much attention to the
tails. So what we find is like zooming in to the top of the horseshoe.
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A A. D  S V D

The formulas in this section have been derived various times in many differ-
ent contexts. See, for instance, Vaccaro [1994]; Papadopulou and Lourakis
[2000] for overviews. We give them here for completeness. Our derivation
actually presupposes differentiability, which easily follows from the corre-
sponding results for eigenvalues [Kato, 1976]. Given differentiability, we
simply compute the differentials.

Suppose X is a matrix of rank r with n rows and m columns. It has a singular
value decomposition of the form X = KΛL′, or, more precisely,

X =
[
K1
n×r

K0
n×(n−r)

] 
Λ11
r×r

∅
r×(m−r)

∅
(n−r)×r

∅
(n−r)×(m−r)




L′1
r×m

L′0
(m−r)×m

 .
Of course K′K = KK′ = I and L′L = LL′ = I, whileΛ11 is positive definite.

We now perturb X to X̃ = X+∆X and we compute a first order approximation
to the singular vectors and singular values of X̃.

(X + ∆X)(L + ∆L) = (K + ∆K)(Λ + ∆Λ),

(X + ∆X)′(K + ∆K) = (L + ∆L)(Λ + ∆Λ),

(K + ∆K)′(K + ∆K) = I,

(L + ∆L)′(L + ∆L) = I,

or, retaining only first order terms,

∆XL + X∆L = ∆KΛ + K∆Λ,(4a)

∆′XK + X′∆K = ∆LΛ + L∆Λ,(4b)

∆′KK + K′∆K = 0,(4c)

∆′LL + L′∆L = 0.(4d)

We can simplify these equations by defining K⊥ to be an n × (n − r) matrix
satisfying K′K⊥ = 0 and K′⊥K⊥ = I. L⊥ is is defined in a similar way.
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We now write

∆K = KA + K⊥B,(5a)

∆L = LC + L⊥D,(5b)

where A and C are r × r, B is (n − r) × r, and D is (m − r) × r. We have to
solve for A, B,C, and D.

Premultiply (4a) by K′ and (4b) by L′. Then

K′∆XL + ΛC = AΛ + ∆Λ,(6a)

L′∆′XK + ΛA = CΛ + ∆Λ,(6b)

while substituting (5a) and (5b) in (4c) and (4d) gives

A + A′ = 0,

C +C′ = 0,

Thus both A and C are anti-symmetric and have a zero diagonal.

Define the partitioned matrixE F
G H

 = K′∆XL K′∆XL⊥
K′⊥∆XL K′⊥∆XL⊥


and take the diagonal of either (6a) or (6b) to obtain

∆Λ = diag(E).

This gives the first order perturbation of the singular values.

Premultiply (6a) byΛ, postmultiply (6b) byΛ, and add the two results. This
gives

offdiag(ΛE + E′Λ) = CΛ2 − Λ2C.

In the same way

offdiag(EΛ + ΛE′) = AΛ2 − Λ2A.
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We switch to elementwise notation to give the solutions

ast =
λtest + λsets

λ2
t − λ

2
s
,

cst =
λsest + λtets

λ2
t − λ

2
s

Now premultiply (4a) by K′⊥ and (4b) by L′⊥. Then

K′⊥∆XL = G = BΛ,

L′⊥∆
′
XK = F′ = DΛ,

and thus

bst =
gst

λt
,

dst =
fts

λt
.
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A B. S E

This is the coding example used in Gifi [1990, Chapter 2].

a p u
b q v
a r v
a p u
b p v
c p v
a p u
a p v
c p v
a p v

a p u 3
a p v 2
a p w 0
a q u 0
a q v 0
a q w 0
a r u 0
a r v 1
a r w 0
b p u 0
b p v 1
b p w 0
b q u 0
b q v 1
b q w 0
b r u 0
b r v 0
b r w 0
c p u 0
c p v 2
c p w 0
c q u 0
c q v 0
c q w 0
c r u 0
c r v 0
c r w 0

a p u 3
a p v 2
a r v 1
b p v 1
b q v 1
c p v 2

T 1. Data Frame and Profiles Frequencies
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a b c
1 0 0
0 1 0
1 0 0
1 0 0
0 1 0
0 0 1
1 0 0
1 0 0
0 0 1
1 0 0

p q r
1 0 0
0 1 0
0 0 1
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0
1 0 0

u v w
1 0 0
0 1 0
0 1 0
1 0 0
0 1 0
0 1 0
1 0 0
0 1 0
0 1 0
0 1 0

T 2. Indicator Matruces
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A C. F
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F 4. House Example
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F 5. Small Example
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F 6. Hartigan Example
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F 7. Dentition Example
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F 8. Sleeping Bags Example
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F 9. Guttman-Bell Example
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A D. C

# F u n c t i o n t o pe r fo rm a r e w e i g h t e d q u a d r a t i c

# homogene i ty a n a l y s i s .

# I n p u t a pa v i ng m a t r i x t a b and a w e i g h t i n g

# f u n c t i o n fn . Outpu t a l i s t w i th s i n g u l a r v e c t o r s

5 # and s i n g u l a r v a l u e s .

quadHom<− f u n c t i o n ( t ab , fn , pdim=2) {

n<−dim ( t a b ) [ 1 ] ; m<−dim ( t a b ) [ 2 ] ; qdim=1+pdim ; e<−rep ( 0 ,

n ) ; d<−rep ( 0 ,m)

f o r ( i i n 1 :m) {

10 g<− t a b [ , i ] ; s<−sum ( g )

d [ i ]<−s / fn ( s )

e<−e+ fn ( s ) *g

}

e<− i f e l s e ( e==0 ,1 , e ) ; d<− i f e l s e ( d==0 ,1 , d )

15 z<− t a b / s q r t ( outer ( e , d ) ) ; s<−svd ( z , nu=qdim , nv=qdim )

l<− ( s$ d ) [ 2 : qdim ] ; x<− ( s$ u / s q r t ( e ) ) [ , − 1 ] ; y<− ( s$ v / s q r t (

d ) ) [ , −1]

l i s t ( x=x , y=y , l= l )

}

20 # f o u r P l o t s i s a u t i l i t y r o u t i n e f o r making a two

# by two t a b l e o f p l o t s f o r an example , u s i n g

# f o u r d i f f e r e n t r e w e i g h t i n g s

f o u r P l o t s <− f u n c t i o n ( indmat , da taname ) {

25 s1 <− quadHom ( indmat , f u n c t i o n ( n ) i f ( n<2) 0 e l s e 1 / ( n

−1) )

s2 <− quadHom ( indmat , f u n c t i o n ( n ) 1 )

s3 <− quadHom ( indmat , f u n c t i o n ( n ) n )

s4 <− quadHom ( indmat , f u n c t i o n ( n ) n ^2 )

m1 <− p a s t e ( dataname , " Data � f ( n )=1 / ( n−1) " , sep="� " )
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30 m2 <− p a s t e ( dataname , " Data � f ( n )=n " , sep="� " )

m3 <− p a s t e ( dataname , " Data � f ( n )=1" , sep="� " )

m4 <− p a s t e ( dataname , " Data � f ( n )=n ^2 " , sep="� " )

pdf ( p a s t e ( dataname , " 2X2 . pdf " , sep=" " ) )

n f <− l a y o u t ( matrix ( c ( 1 , 2 , 3 , 4 ) , 2 , 2 ) )

35 p l o t ( s1$ x , x l a b=" Dimension �One " , y l a b=" Dimension �Two" ,

main=m1)

p l o t ( s3$ x , x l a b=" Dimension �One " , y l a b=" Dimension �Two" ,

main=m2)

p l o t ( s2$ x , x l a b=" Dimension �One " , y l a b=" Dimension �Two" ,

main=m3)

p l o t ( s4$ x , x l a b=" Dimension �One " , y l a b=" Dimension �Two" ,

main=m4)

dev . o f f ( )

40 }

# expand c o n v e r t s a m a t r i x o r da t a −f rame t o an

# i n d i c a t o r s u p e r m a t r i x and t h e n c o n v e r t s t h i s

# t o a da t a −f rame a g a i n .

45 # By d e f a u l t NA becomes z e r o and c o n s t a n t rows

# and columns a r e e l i m i n a t e d .

expand<− f u n c t i o n ( t ab , c l e a n=TRUE, z e r o=TRUE) {

n<−dim ( t a b ) [ 1 ] ; m<−dim ( t a b ) [ 2 ] ; g<−matrix ( 0 , n , 0 ) ; l

<−rep ( " " , 0 )

50 l a b 1<− l a b e l s ( t a b ) [ [ 1 ] ] ; l a b 2<− l a b e l s ( t a b ) [ [ 2 ] ]

f o r ( j i n 1 :m) {

y<−as . f a c t o r ( t a b [ , j ] ) ; h<− l e v e l s ( y )

g<−cbind ( g , i f e l s e ( outer ( y , h , "==" ) , 1 , 0 ) )

l<−c ( l , p a s t e ( l a b 2 [ j ] , " _ " , h , sep=" " ) )

55 }

g<−as . data . frame ( g , row . names= l a b 1 )

names ( g )<− l

i f ( z e r o ) g<− i f e l s e ( i s . na ( g ) , 0 , as . matrix ( g ) )
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i f ( c l e a n ) {

60 g<−g [ which ( rowSums ( g ) >0) , which ( colSums ( g ) >0) ]

g<−g [ , which ( colSums ( g )<n ) ]

}

re turn ( g )

}
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